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Abstract

This paper estimates the size and dynamics of inflation risk premia in the euro area,
based on a joint model of macroeconomic and term structure dynamics. Information
from both nominal and index-linked yields is used in the empirical analysis. Our
results indicate that term premia in the euro area yield curve reflect predominantly real
risks, i.e. risks which affect the returns on both nominal and index-linked bonds. On
average, inflation risk premia were negligible during the EMU period but, occasionally,
subject to statistically significant fluctuations in 2004-2006. Movements in the raw
break-even rate appear to have mostly reflected such variations in inflation risk premia,
while long-term inflation expectations have remained remarkably anchored from 1999
to date.

Keywords: Term structure of interest rates, inflation risk premia, central bank
credibility.
JEL classification: E43, E44
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Non-technical summary

Central banks often interpret the difference between nominal and inflation-
linked yields as a measure of expected inflation over the life of the bond, or "break-
even inflation rate." Expected inflation over the distant future can, in turn, be viewed
as a measure of credibility of the central bank's inflation objective. If the objective is
well-known because of a public announcement and if it is credible, it should be
reflected in inflation expectations over horizons far into the future. In other words,
any current inflationary shocks should be viewed as temporary and long-run inflation
expectations should remain anchored at the level consistent with the announced
objective.

The break-even inflation rate is, however, a noisy measure of expected
inflation, because it includes an inflation risk premium component (and, possibly,
differential liquidity premia). The main objective of this paper is to estimate the size
of the inflation risk premium in euro area yields and to analyze its relationship with
inflation, output and the nominal interest rate. If inflation premia were non-negligible,
break-even inflation rates would no longer represent a correct measure of expected
future inflation. Variations in break-even rates could simply reflect changes in
inflation risk premia over time. The presence of inflation risk premia also complicates
the interpretation of raw break-even inflation rates as measures of credibility. While
possibly representing per se a reason for concern, a large inflation risk premium
would not be directly related to the credibility of the inflation objective.

In order to disentangle the inflation risk premium from the total "nominal
premium," which includes a real premium to compensate for uncertainty associated
with fluctuations in real interest rates, it is important to enrich the information set
available in the estimation. Our aim is really to identify the two theoretical
components of a variable, the term premium, which is itself unobservable and which
is the result of a filtering process. If we only relied on information from the nominal
term structure, we would run the risk of reaching conclusions that are difficult to
validate. For this reason, we believe that the information provided by index-linked
bonds is crucially important in our analysis.

We present all our results on estimated term and inflation risk premia with
confidence intervals, to emphasize that all these notions are obviously measured with
uncertainty within our model. This allows us to make probabilistic statements as to
the statistical relevance of premia.

Focusing on the 10-year maturity, our main result is that, on average, the
inflation risk premium on euro area nominal yields was insignificantly different from
zero over the EMU sample. Nevertheless, fluctuations around the average have been
relatively small, but statistically significant, in the 2004-2006 period. We also observe
deviations in 2001 and 2002, but these estimates are likely to be biased by variations
in liquidity premia, since the index-linked bond market was relatively thin in that
period.
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All in all, our results suggest that fluctuations in the raw break-even rate have
mostly reflected variations in the inflation risk premium: adjusting for such premium,
long-term inflation expectations appear to have remained well-anchored in the euro
area from 1999 to date. Nevertheless, monitoring the time variation in inflation risk
premia is important to understand correctly the information contained in break-even
rates.
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1 Introduction

Central banks often interpret the difference between nominal and inflation-linked yields
as a measure of expected inflation over the life of the bond, or "break-even inflation rate."
Expected inflation over the distant future can, in turn, be viewed as a measure of credibility
of the central bank’s inflation objective. If the objective is well-known because of a public
announcement and if it is credible, it should be reflected in inflation expectations over
horizons far into the future. In other words, any current inflationary shocks should be
viewed as temporary and long-run inflation expectations should remain anchored at the
level consistent with the announced objective.

The break-even inflation rate is, however, a noisy measure of expected inflation, be-
cause it includes an inflation risk premium component (and, possibly, differential liquidity
premia). Long-term nominal yields could in fact be decomposed into a real yield, average

I The main objective of this paper

inflation expectations and an inflation risk premium.
is to estimate the size of the inflation risk premium in euro area yields and to analyze its
relationship with inflation, output and the nominal interest rate. If inflation premia were
non-negligible, break-even inflation rates would no longer represent a correct measure of
expected future inflation. Variations in break-even rates could simply reflect changes in
inflation risk premia over time.

The presence of inflation risk premia also complicates the interpretation of raw break-
even inflation rates as measures of credibility. While possibly representing per se a reason
for concern, a large inflation risk premium would not be directly related to the credibility
of the inflation objective.

More specifically, an increase in the inflation risk premium could be due to either
a higher level of inflation risk, or an increase in investors’ aversion to bear that risk —
i.e. the "market price of risk". In the first case, the higher inflation risk could reflect
an increase in the uncertainty of the overall macroeconomic environment, which may
render a price stability objective more difficult to attain over the years, but need not be
related to the credibility of the central bank. In the second case, which is also the one
considered explicitly in this paper, variations in the prices of inflation risk may be due
to the particular features of investors’ portfolios, namely their exposure to the cyclical

position of the economy or the inflation level. Once again, provided inflation expectations

!To simplify the discussion, we are here disregarding a convexity term.
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remained anchored, it is not immediately clear that an increase in the price of risk should
be interpreted as a signal of lower central bank credibility.

In order to estimate inflation risk premia and understand their macroeconomic de-
terminants, a necessary condition is a joint model of macroeconomic and term structure
dynamics. Only within a macroeconomic model can notions such as "inflation objective"
be defined formally. Only if bonds are build on a macroeconomic framework can one
discuss the impact on yields of inflationary shocks of various sources. Finally, a macro
model should also provide a more realistic description of inflation dynamics, compared to
a reduced-form model. For these reasons, we adopt the framework developed in Hordahl,
Tristani and Vestin (2006), which in turns builds on Ang and Piazzesi (2003). More specif-
ically, we price yields based on the dynamics of the short rate obtained from the solution
of a linear forward-looking macro model and using an essentially affine stochastic discount
factor (see Duffie and Kan, 1996; Dai and Singleton, 2000; Duffee, 2002).2

Compared to the alternative of relying on a microfounded model, our modelling strat-
egy has the advantage of imposing milder theoretical constraints on risk-premia (while
remaining highly tractable). It is only through a modelling framework capable of generat-
ing large premia that we can test whether premia were actually large or small in the EMU
sample. With respect to smaller models which can be solved nonlinearly, our approach
has the advantage of being independent of special assumptions imposed for analytical
tractability, and of relying on a well-established monetary policy transmission mechanism.
The drawback is obviously that we are unable to draw a link from the prices of risk to
individuals’ preferences.

In order to disentangle the inflation risk premium from the total "nominal premium,"
which includes a real premium to compensate for uncertainty associated with fluctuations
in real interest rates, it is also important to enrich the information set available in the
estimation. Our aim is really to identify the two theoretical components of a variable, the
term premium, which is itself unobservable and which is the result of a filtering process.
If we only relied on information from the nominal term structure, we would run the risk
of reaching conclusions that are difficult to validate. For this reason, we believe that the
information provided by index-linked bonds is crucially important in our analysis.

Finally, we present all our results on estimated term and inflation risk premia with

2Other recent papers that jointly model macroeconomic and nominal term structure dynamics include
Dewachter and Lyrio (2004) and Rudebusch and Wu (2004).
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confidence intervals, to emphasize that all these notions are obviously measured with
uncertainty within our model. This allows us to make probabilistic statements as to the
statistical relevance of premia.

Focusing on the 10-year maturity, our main result is that, on average, the inflation risk
premium on euro area nominal yields was insignificantly different from zero over the EMU
sample. Fluctuations around the average have also been relatively small, but statistically
significant in 2001 and 2002 and, occasionally, in the 2004-2006 period. However, we
can be less confident in our estimates over the 2001-2002 period, when the index-linked
bond market was relatively thin. In those years, our estimates are likely to be affected by
variations in liquidity premia.

All in all, our results suggest that fluctuations in the raw break-even rate have mostly
reflected variations in the inflation risk premium: adjusting for such premium, long-term
inflation expectations appear to have remained well-anchored from 1999 to date. From
this standpoint, monitoring the time variation in inflation risk premia is important to
understand correctly the information contained in break-even rates.

Ceteris paribus, inflation risk premia appear to be lower when policy interest rates are
relatively high. This appears to suggest that investors feel less worried about inflation risk
when policy is tightened. Moreover, inflation risk premia seem to rise when the output
gap widens, suggesting that investors become more concerned about inflationary pressures
as economic activity picks up.

Our paper is organized as follows. The next section contrasts our methodology to
estimate the euro area inflation risk premium to other approaches, both theoretical and
empirical, that have been used in the literature. Our results from the estimation of zero-
coupon real rates derived from index-linked bonds yields are presented in Section 3, where
we also present some descriptive statistics on our full dataset of real and nominal bonds and
macroeconomic variables. Section 4 outlines our model, its implications for the inflation
risk premium and our econometric methodology. Our empirical results are presented in
Section 5, where we show our parameter estimates and their implications for term premia
and inflation risk premia. In this section, we also relate premia to their macroeconomic

determinants and calculate risk-adjusted break-even inflation rates. Section 6 concludes.
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2 What should one expect on inflation risk premia?

It goes without saying that we are not first to analyze the inflation risk premium in nominal
bonds. However, there is little agreement in the theoretical and empirical literature on
the size and even the sign of the premium. The raw evidence available from index-linked
bonds points to a positive difference between nominal and real yields, and the nominal
yield curve also appears to be steeper than the real yield curve (e.g. Roll, 2004). In order
to make inference on the inflation risk premium, however, one needs to take a stance on
inflation expectations over the life of the bond. Since the latter are also unobservable, a
theoretical framework is necessary to answer the question in the title of this section.

From a theoretical viewpoint, it is clear at least from Fischer (1975) that there is
no reason to expect the inflation risk premium to be positive. The sign of the premium
depends entirely on the covariance between real returns on nominal bonds and the stochas-
tic discount factor. In simple microfounded models, the log stochastic discount factor is
proportional to consumption growth and the inflation risk premium will be positive when
consumption growth and inflation are negatively correlated. In US data, where the sample
correlation coefficient between consumption growth and inflation is —0.15 in the 1960-1997
period, one should therefore expect the inflation risk premium to be positive on average.
In more general set-ups, however, this simple intuition is lost. The stochastic discount
factor will depend on the marginal utility of consumption, which need not be proportional
to consumption growth. Nevertheless, in the approximate solution of a calibrated model
with habit persistence and nominal rigidities, Hérdahl, Tristani and Vestin (2007) argue
that the average inflation risk premium in the US is probably positive, but small.

A number of recent empirical studies also suggest that the inflation risk premium in
the U.S. nominal term structure should be positive and non-negligible in economic terms.
Buraschi and Jiltsov (2005) use a monetary version of a real business cycle model to
characterize and estimate the inflation risk premium, and find an average premium of 15
basis points at the 1-month horizon and 70 basis points at the ten-year horizon. Based on
an essentially affine term structure model with regime switching, Ang, Bekaert and Wei
(2006) also find positive inflation risk premia in the US, ranging from almost zero to 200
basis points over the 1952-2004 sample for 5-year bonds. Kim and Wright (2005) report
that the U.S. 10-year instantaneous forward inflation premium typically fluctuates within

a 50-100 basis point range, based on an affine model supplemented with inflation data and
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survey expectations.

All of these papers, however, do not incorporate information from inflation-indexed
bonds. Barr and Campbell (1997) use this information, but set risk-premia to zero by
assumption. Remolona, Wickens and Gong (1998) estimate an affine model on UK data
and find a relatively smooth 2-year inflation risk premium of around one percentage point
before 1990 and around 0.7 percentage points thereafter. Based on an essentially affine set-
up which incorporates index-linked UK yields, Risa (2001) also finds a positive inflation
risk premium, but on average this is downward sloping in maturity: it is equal to 2.2
percentage points for a theoretical instantaneous bond and it falls to 1.7 percentage points
for a 20-year bond. The short term inflation risk premium is also much more volatile
than the long term premium. An even starker difference characterizes the results in Evans
(2003), where the UK term structure is modelled using a regime switching set-up which
incorporates information from index-linked bonds. Evans (2003) also finds a downward
sloping inflation risk premium, but this is large and negative for most maturities, reaching
-1.8 percentage points or even -3.5 percentage points at the 10-year horizon depending on
the prevailing state.

All in all, there appear to be no robust results on the sign, size, maturity structure
and volatility of inflation risk premia. The different results in the literature could partly

be due to differences in samples or country.

3 Data

Our main objective is to extract long-term inflation expectations and premia from the
term structure of euro area interest rates. In order to achieve this goal, however, we face
a number of data limitations.

More specifically, we need to deal with two main difficulties: first, the possibility that
the creation of the single European currency, the euro, induced a structural break in
economic relationships; second the unavailability of accurate bond price data for most
European countries before the mid or even late nineties. Both considerations recommend
starting our estimation period in January 1999 based on euro area data, which leaves us
with 88 data points at a monthly frequency (from January 1999 to April 2006).

Another difficulty concerns index-linked bonds, of which only very few were available
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during the earliest part of the sample. We therefore use solely data on nominal yields
and macroeconomic variables for the model estimation between January and September
1999, and treat real yields as unobservables; as of October 1999, the dataset is extended

to include real yields from index-linked bonds.

3.1 Index-linked zeros

For our analysis, we first derive zero-coupon equivalent rates from index-linked prices
and coupons. Specifically, we rely on data for index-linked bonds issued by the French

Treasury (obtained from Bloomberg).3

In this process, as is typically the case in the
literature, we abstract from tax and liquidity issues. Concerning liquidity, our index-linked
sample starts one year after the introduction of such bonds by the French Treasury, during
which time liquidity was at its lowest and one might have expected initial mispricings to
be particularly pronounced. Nevertheless, monthly turnover figures shown in Figure la
suggest that liquidity in the French index-linked market initially remained limited for a
couple of years. It is therefore possible that liquidity issues may have had an impact on
index-linked bond prices during this period, although it is not obvious how to measure the
size of such influences. We return to this issue in the discussion of the empirical results.
We assume that index-linked bonds are truly risk-free, i.e. we dismiss the inflation
risk borne by investors because of the indexation lag, i.e. the fact that there exists a lag
between the publication of the inflation index and the indexation of the bond. In principle,
we could use the methodology of Kandel, Ofer and Sarig (1996) and Evans (1998) to
account for this lag. However, Evans (1998) estimates the indexation-lag premium to be
quite small, notably around 1.5 basis points, in the UK, where the indexation lag is 8
months. Since the lag is of only 3 months in the euro area, we believe that any estimate
of the indexation-lag premium would be well within the range of any measurement error.
Finally, we face the constraint that only bonds indexed to the French CPI, rather
than the euro area HICP, were available up to late 2001, when the French Treasury began

3While index-linked government bonds are available for other countries in the euro area, we rely exclu-
sively on those issued by the French Treasury. The main reason for this is that the French segment of the
market is the largest in the euro area: at present the amount of outstanding French index-linked bonds
is around 94 bn. EUR. The market segments of Italy and Greece are somewhat smaller at 56 and 46 bn.
EUR outstanding value. Another important reason why we rely only on French bonds is to avoid mixing
bonds with different credit ratings. French bonds have the highest credit rating possible (AAA by S&P),
while bonds issued by Italy and Greece are lower rated (AA- and A respectively). German government
bonds are also AAA-rated, but Germany issued its first index-linked bond (9 bn. EUR) only in March
2006.
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issuing bonds linked to the euro area HICP. While the difference between euro area HICP
and French CPI is typically of the order of a few basis points, it is persistent over time,
so that yields on HICP-linked bonds consistently tended to be below those of CPI-linked
bonds. For the estimation, we use a mixed series: the HICP-linked bond as of October
2002 and the CPI-based series prior to this.* However, since the variable of interest for
monetary policy, and hence affecting the short term rate, is the euro area HICP, we adjust
the CPI-linked zero-coupon rates downwards by an amount equal to the average difference
between CPI and HICP-linked yields at each maturity.

In order to comstruct zero-coupon equivalents for index-linked yields, we follow the
spline method in McCulloch and Kochin (2000). The methodology is designed to work
with yield data that are only available for few maturities. It is based on a discount function

of the form

d(m)=exp |— Z a;jpj (m) |,
j=1

where m is the time to maturity and n is the number of maturities available from the
data, while the 1; (m)’s are splines defined by
9;‘/ (mn)

w] (m) = 0] (m) - 9// )0n+1 (m>7 ] = 17 sy 1,

n+1 (mn

and the functions 6; (m) are given by

0; (m) = max (0,m — mj,g)?’, j=3,.,n+1.

The resulting real zero-coupon yields for the 3-year, 5-year and 10-year maturities are
shown in Figure 1b. The real zeros are relatively high in 2000 and 2001, when growth
was also relatively high, and lower in more recent years. As mentioned above, it is also
possible that liquidity considerations may have affected the level of real rates in the French

index-linked market during the earliest part of the sample.

4While HICP-linked bonds were introduced already in 2001, sufficient data to allow estimation of zero-
coupon real yields is available only as of October 2002.
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3.2 Nominal yields and macro data

For nominal rates, we use zero-coupon yields derived from German government bonds,
which for large parts of the maturity spectrum are seen as benchmarks for euro area
nominal yields; Figure 2 displays the yields for the 3-month, 3-year and 10-year maturities.
This data originates from the Bundesbank, and is provided by the BIS. We can use the
real and nominal zero-coupon rates to construct constant-maturity break-even inflation
rates, namely the straightforward difference between nominal and real yields. Figure 3
shows zero-coupon break-even inflation rates for 3, 5 and 10-year maturities. Since 1999,
break-even rates have varied within a relatively close range. At the 10-year maturity, in
particular, they have mostly oscillated between 1.5 and 2.5 percent.

As for macro variables, our approach requires time series of euro area inflation and
the output gap. Inflation is defined as the monthly log-change in the HICP for the euro
area.” For output, we use log-industrial production. Following Clarida, Gali and Gertler
(1998), our output gap series is defined in terms of deviations of industrial production
from a quadratic trend, and is calculated in "real time", i.e. estimated at each point in
time using only information available up to that point.

In order to specify our model of section 4, we analyze whether long-term real rates
appear to include information which is significantly different from that contained in nom-
inal rates. For this purpose, we look separately at the principal components of nominal
yields, of nominal and real yields, and of all yields plus our macro-variables. We can ob-
viously carry out this analysis only for the period over which our zero-coupon real yields
are available, namely starting in October 1999.

Over this sample, three principal components are necessary to capture 99% of the
variance of nominal yields. As soon as we add the real yields, however, four principal
components are needed. When we include macro-variables, four principal components
continue to capture 99% of the variance of all variables, but the fourth becomes much
more important: it explains 4% of the variance of the variables, compared to 1% explained
in the case without macroeconomic variables. This suggests that it is important to include

four different risk factors in the model.

®Month-on-month inflation is a relatively volatile series. For practical estimation purposes, the use of
year-on-year inflation as in Hérdahl, Tristani and Vestin (2006) would therefore be an attractive alternative.
However, we need to specify both the nominal and the real pricing kernels in order to price nominal and
real bonds, which requires using the one-period (i.e. one-month) rate of inflation (see the Appendix).
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4 Model

We rely on a structural economic model, which is specified directly at the aggregate level.
The model includes just two equations which describe the evolution of inflation, 7, and
the output gap, x;. Since we are going to estimate the model at the monthly frequency,

the two equations are specified with a relatively elaborate lead and lag structure:

12 2
~ 1 o ~ .
T = Mwﬁ Z; Ey @i + (1 — pir) z; OpiTi—i + 0p + €f (1)
1= 1=
1 12 2
T = ToHa Zl By [Tp] + (1 — pg) 21 CaiTt—i — Cr (Tt — By [Te41]) + €f (2)
1= 1=

where r; is the one-month nominal interest rate, inflation is defined as the monthly change
in the log-price level, and hats denote deviations from the mean. The specification of the
model is similar to that in Hordahl, Tristani and Vestin (2006), and is motivated by the
literature on the so-called "new-Keynesian" Phillips curve (e.g. Gali and Gertler, 1999)
and on estimation of consumption-Euler equations (e.g. Fuhrer, 2000). Both equations
include a forward-looking term capturing expectations over the next year of inflation and
output, respectively. The lags in the backward-looking components of the two equations
are motivated empirically. In the estimation, we impose fir +(1 — pr) >, 0z = 1, a version
of the natural rate hypothesis.

The simple representation of the economy in equations (1) and (2) incorporates ex-
plicitly some standard channels of transmission of inflationary shocks and of monetary
policy. Inflation can be due to demand shocks €f, which increase output above potential
and create excess demand, and to cost-push shocks e, which have a direct impact on
prices. In turn, monetary policy can affect inflation via stimuli or restrictions of aggregate
demand, i.e. modifying the real interest rate 7y — Ej [T4+1], or influencing expectations.

To solve for the rational expectations equilibrium, we need an assumption on how
monetary policy is conducted. We focus on private agents’ perceptions of the monetary
policy rule followed by the central banks, which is supposedly to set the nominal short

rate according to

= (1-p) {5 (112Et

11
Z %Hi] — %2‘) + ’ﬁt} + pri—1 + 1 (3)
i=0
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where 7} is the perceived inflation target and 7, is a “monetary policy shock”.

This is consistent with the formulation in Clarida, Gali and Gertler (2000). The first
two terms represent a forward-looking Taylor (1993) rule, where the rate responds to
deviations of expected inflation from the inflation target. The second part of the rule is
motivated by interest rate smoothing concerns, i.e. the desire to avoid producing large
volatility in nominal interest rates. We also allow for a time-varying, rather than constant,
inflation target 7f. We adopt this formulation in order to allow for some evolution in the
behavior of monetary policy over time, or at least in the way monetary policy was perceived
by markets.

Finally, we need to specify the processes followed by the stochastic variables of the
model, i.e. the perceived inflation target and the three structural shocks. We assume that
our three macro shocks are serially uncorrelated and normally distributed with constant
variance. The only factor that we allow to be serially correlated is the unobservable

inflation target, which will follow an AR(1) process
Ty = GneT_1 + Unn g (4)

where ur+; is a normal disturbance with constant variance uncorrelated with the other
structural shocks.f
In order to solve the model we write it in the general form

X141 X1t ~ 21141 }
7 —H| 21K L 5
[ EXspi ] [ X, } R { 0 (5)

!/ .
where Xt = [4_1, Tt—2, Tt—3, Te—1, Tt—2, Tt—3, T, N, €5, €7, Tt—1] 1S the vector of predeter-
. . ! - .
mined variables, Xo; = [EtZi111, oy PtTit1, Tty BTty ooy Bymig1, m) includes the vari-
ables which are not predetermined, 7; is the policy instrument and &; is a vector of inde-

pendent, normally distributed shocks. The short-term rate can be written in the feedback

7 = —F [ X ] : (6)

The solution of the (5)-(6) model can be obtained numerically following standard

form

methods. We choose the methodology described in Stderlind (1999), which is based on the

®To ensure stationarity of the inflation target process, we impose an upper limit of 0.99 on the ¢«
parameter during the estimation process. This restriction is binding.
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Schur decomposition. The result are two matrices M and C such that X;; = MX; ;1 +
Y1 and Xop = CXLt.7 Consequently, the equilibrium short term interest rate will
be equal to r; = A’X;;, where A’ = — (F1+F3C) and F; and F; are partitions of F
conformable with X;; and Xg;. Focusing on the short-term (policy) interest rate, the

solution can be written as

?t = Ale,t
X =MXq -1+ X1 (7)

4.1 Building the term structure

The system (7) expresses the short term interest rate as a linear function of the vector
X1, which in turn follows a first order Gaussian VAR. This is the basic model set-up in
the affine term structure literature. However, in our case, both the short rate equation
and the law of motion of vector X; have been obtained endogenously, as functions of the
parameters of the macroeconomic model. This contrasts with the standard affine set-up
based on unobservable variables, where both the short rate equation and the law of motion
of the state variables are postulated exogenously.

To derive the term structure, we only need to impose the assumption of absence of
arbitrage opportunities, which guarantees the existence of a risk neutral measure, and
to specify a process for the stochastic discount factor. Following the essentially affine
formulation (see Duffee, 2002; Dai and Singleton, 2002), an important element of the
stochastic discount factor will be the market prices of risk A\;, which will be affine in the
vector Xy, i.e. Ay = Xo + Xlet. Note that Xj; includes the 4 stochastic factors of the
system, i.e. the inflation target and the three white noise shocks. These shocks will induce
risk premia, but in the essentially affine formulation the premia will also depend on the
level of the other states. Since our Xy; includes 11 variables — the four stochastic factors
plus 3 lags of the output gap and inflation and 1 lag of the short term rate — the maximum
number of non-zero elements in the Xl matrix is 4 x 11.

Estimation of 44 parameters just for the state-dependent prices of risk is prohibitive.

We therefore impose some restrictions on the A\; matrix. More specifically, rather than

"The presence of non-predetermined variables in the model implies that there may be multiple solu-
tions for some parameter values. We constrain the system to be determinate in the iterative process of
maximizing the likelihood function.
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allowing the market prices of risk to be independently influenced by the lags of the macro-
economic variables, we impose that such lag-dependence is induced by the current levels
of those macro variables. For example, we assume that the lags of inflation will poten-
tially affect the prices of risk only through their effect on current inflation, output, or the
nominal interest rate. This assumption implies that we can rewrite the market prices of
risk as linear functions of only 7y, 7, 7; and 7} . Since each of these variables can be writ-
ten as a a linear combination of the vector of predetermined variables using the model’s
solution, this assumption is equivalent to imposing cross-restrictions on the elements of
the Xl matrix.

More precisely, we first define a new vector Z; which is a transformation of the original
state vector Xi4, such that Zy; = [24_1, Tt 2, Tt_3, T_1, Tt_2, Te_3, T}, Tty Tt, Ty, 1) , and
then rewrite the solution equation for the short term interest rate as a function of Z,
T = Z’Zt. The Z; vector can obviously be expressed as a linear combination of the prede-
termined variables using the solution X ; = CXj 4, so that Z; = ]A)Xu for a suitably de-
fined matrix D. The (nominal) pricing kernel my. 1 is defined as my 1 = exp (—r¢) Y1 /11,
where ;41 is the Radon-Nikodym derivative assumed to follow the log-normal process
Yeyp1 = Prexp (—%/\Q)\t — AQ§17t+1). Finally, market prices of risk are assumed to be affine

in the transformed state vector Z;
At = Ao + A7y, (8)

where only the 4 elements in \g and the 4 x 4 sub-matrix in A; corresponding to contem-
poraneous values are allowed to be non-zero. Since Z; = f)XLt, MZ; = )qf)XLt and A\
will induce restrictions on Xl such that Xlﬁ_l = A
In the appendix we show that the reduced form (7) of our macroeconomic model,
coupled with the aforementioned assumptions on the pricing kernel, implies that the con-
tinuously compounded yield y;* on a zero coupon nominal bond with maturity n is given
by
yi = An + B, Zy, (9)

where the A;,, and BJ, matrices can be derived using recursive relations. Stacking all yields

in a vector Y;, we write the above equations jointly as Y; = A + B'Z; or, equivalently,
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Y, = A, + B, Xy, where B/, = B/,D. Similarly, for real bonds ;" we obtain
yi" = Al + Bl Zy, (10)

4.2 The inflation risk premium

It is instructive to first look at the inflation risk premium which characterizes the short
term rate. Given the nominal and real short rates, 7 and r; respectively, the appendix

shows that the former can be written as
re =1} + By [ma] + premg + %CWZE'C; (11)
where

= CaX (N - 35Ch) + (&' - ¢ (MD T -3 )) Z
Et [ﬂ't_;,_l] = CﬂM]A)_lzt

prem}r,t =—-C, X\ — C X\ Z;

We define premy; as the inflation risk premium to distinguish it from the convexity
term 3C,YY/Cl, which would affect the short term rate even if the prices of risk were
Zero.

The inflation risk premium is related to the full standard deviation of inflation, the
term C,X, irrespective of the actual shock that determines it. For given prices of risk,
the inflation risk premium will be higher, the higher the variance of the shocks, and the
higher their impact on inflation.

For bonds of other maturities, a more complex expression holds (see the appendix).

As a result, the break-even inflation rate (BE) can be written as

R n M
BE}, = const + CWDlzlzTiZt (12)

. — ~ ~—1
where const is a constant component and M = D (MD

— Z)\l) captures the risk-
adjustment in the law of motion of the transformed state vector Z;.

The inflation risk premium is equal to the break-even inflation rate net of expected

Working Paper Series No 734



average inflation over the maturity of the bond, i.e. T4, = %2?21 Tty

Tt n n

. n M nOME .
prem?"™"™ = const + Cy (Dl Lia M 2 D1> YA (13)

Equation (13) emphasizes that the inflation risk premium arises because of the dif-
ference between the historical and risk-adjusted laws of motions of the state vector Z;.
Appendix A.3 shows that when the market prices of risk are not state dependent, i.e.
when A1 = 0, the inflation risk premium becomes constant over time.

Depending on the prices of risk, the matrix M could have eigenvalues outside the
unit circle even if M does not. If its eigenvalues are within the unit circle, inflation risk
premia on long term yields will be bounded from above. Long term premia will also
be more sensitive to changes in the states Z; than premia on short term bond, because
Yoy M’ tends to increase as n increases. If, instead, the risk-adjusted law of motion is
non-stationary, i.e. if some of the eigenvalues of M are outside the unit circle, then the
sum in equation (12) is not bounded and inflation risk premia can play an even larger role

on long term yields.

4.3 Maximum likelihood estimation

In order to estimate the model, we need to distinguish first between observable and un-
observable variables in the Xj; vector. We adopt the approach which is common in the
finance literature and which involves inverting the relationship between yields and unob-
servable factors (Chen and Scott, 1993). We also use the common approach of assuming
that some of the yields are imperfectly measured to prevent stochastic singularity. More
precisely, we use yields on 1, 3, 6-month, 1, 3, and 10-year nominal zero-coupon bonds and
on 3, 5, 7 and 10-year real bonds. We assume that all bonds are imperfectly observable,
with the exception of nominal bonds at the 3-month and 10-year maturities.

To deal with the lack of data on real yields before October 1999, we simply treat such
yields as unobservable variables. Since these are not state variables, their unobservability
has no impact on the likelihood. They are included in the measurement equation as of

October 1999 through their impact on the measurement errors. The likelihood function
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can therefore be written as

B Ny 1 i M 1 & 9
£O)=—(T-1) (ln\J!+21n(27r)+2ln‘22 | —|—21n(27r)+221n0m’i>

1 T / -1 1 L (um)Q
-5 30 (MR (B (MK ) - 35

nr T nr (ur,>2
— (T —t,) (’; In (27) + % Zlnafﬂ) - % > Z ;2

=1 t=tri=1 = "
where X7, are the unobservable variables included in the Xy ¢ vector, ui* are the measure-
ment error shocks, J is a Jacobian matrix defined in the appendix, £’ is the variance-
covariance matrix of the four macroeconomic shocks, o,, and o, are the standard devia-
tions of the nominal and the real measurement error shocks respectively, T is the sample
size, t, is the observation from which index-linked yields are available, n,, and n, are the
numbers of measurement errors in nominal and real bonds, respectively, and n, is the
number of variables measured without error. To reduce the number of estimated para-
meters, we assume all nominal (real) measurement errors are characterized by the same
standard deviation.

The problem of maximizing the likelihood is nontrivial, given the large size of the
parameter space. We employ the method of simulated annealing, introduced to the econo-
metric literature by Goffe, Ferrier and Rogers (1994). The method is developed with an
aim towards applications where there may be a large number of local optima. One disad-
vantage of the simulated annealing method is that it does not provide us with an estimate
of the first and second derivatives, evaluated at the maximum, of the likelihood function
with respect to the parameter vector, i.e. dIn (£ (0)) /00 and 9?In (£ (0)) /00'06. To
deal with this problem, we follow Anderson et al. (1996) and rely on analytical results to
calculate the Jacobian d1n (£ (0)) /00" to obtain the outer product derivative estimate of
the variance covariance matrix (as in Hérdahl, Tristani and Vestin, 2006).

Our results, however, also show some signs of residual autocorrelation, especially in the
measurement errors of index-linked yields. For this reason, our inference is based on HAC
standard errors of Newey and West, which also require the computation of an estimate of
the variance-covariance matrix based on the Hessian. In this paper, the Hessian matrix of

the likelihood function with respect to the parameters is also computed analytically.
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5 The term structure of inflation risk premia in the euro

area

5.1 Parameter estimates and impulse responses

An advantage of our approach is that the parameters which affect the historical dynamics
of the state vector can be interpreted economically. Table 1 reports parameter estimates
based on our preferred specification with HAC standard errors.® Most parameters are
estimated quite precisely, but there are exceptions concerning, most notably, the inflation
response coefficient in the Taylor rule, 3, and the elasticity of the output gap to the real
interest rate, (.. The imprecision in the estimate of § is likely to reflect the small variation
in inflation over our sample period, while a small (. is a frequent occurrence in estimates
of the output gap equation (see e.g. Jondeau and Le Bihan, 2001, for Germany; Fuhrer
and Rudebusch, 2004, for the United States). While these in principle are important
parameters, they do not appear to affect significantly our risk premia estimates. Small
perturbations of either 8 or (, cause minor changes in the inflation risk premia generated
by our model.”

Concerning our point estimates of macro-parameters, these are broadly in line with
previous results in the literature. The policy rule is characterized by a high degree of
interest rate smoothing, a mild response to inflation deviations from the objective, and
a non-negligible response to the output gap. The degree of forward-lookingness of the
output gap equation is relatively small, while it is high for the inflation equation. The
latter result is significantly different from available estimates based on German data over
a longer sample (see e.g. Jondeau and Le Bihan, 2001, or Hérdahl, Tristani and Vestin,
2006). Rather than signalling structural diversities, however, the difference could simply
be due to the different definition of inflation, which here is constructed based on monthly,
rather than year-on-year, log-price changes. Intuitively, monthly inflation is much less
persistent than year-on-year inflation, thus the lesser role of backward-looking elements.

The estimated standard deviations of fundamental shocks are relatively low, suggesting

that the model is capable of accounting endogenously for a large part of macroeconomic

81n the estimation process, we successively set to zero entries of the A; matrix when this restriction was
accepted in a likelihood-ratio test.

9More precisely, a 10% increase in either 8 or ¢, causes the 10-year inflation risk premium to shift only
by a few basis points, almost never pushing it outside its 95% confidence bands.
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dynamics. The standard deviation of measurement errors is broadly consistent with the
results of affine models without macroeconomic variables. Filtered measurement error
series, however, tend to display some serial correlation for real yields, which occasionally
— notably at the very end of the sample period — translates into persistent mispricings.

Figures 4 and 5 show impulse response functions of the macroeconomic variables,
the 10-year break-even inflation rate, expected inflation and inflation risk premium to a
monetary policy shock and an output gap shock, respectively. We report only responses
to these shocks, because they turn out to be the most important drivers of long-term
inflation risk premia.

A 20 basis points surprise increase in the policy interest rate has a strong impact
on the output gap over time, while current and expected inflation fall only mildly. The
response of 10-year break-even inflation rate reflects mostly the dynamics of the inflation
risk premium. The surprise interest rate hike appears to be associated with reduced
concern about inflationary risks among investors, so that the inflation risk premium falls
on impact and then slowly returns to the baseline after 3 years.

An increase in the output gap by 0.7 percent is met by a progressive increase in
policy rates over time, with a peak increase of 20 basis points after 1.5 years. The policy
tightening is sufficient to keep both inflation and long-run inflation expectations firmly
anchored. Nevertheless, the output gap shock generates some movement in the break-
even inflation rate, which increases on impact by 4 basis points for the 10-year maturity,
and then falls by up to 5 basis points after 2 years. Once again, the results show that the
dynamics of the break-even inflation rate reflect those of the inflation risk premium. This
increases when the shock occurs, presumably alongside concerns for inflationary risks, and

then falls as the policy response unfolds.

5.2 Yield premia and inflation risk premia

Our estimates of the term structure of average yield premia and inflation risk premia are
reported with 95% confidence bands in Figures 6 and 7. The average yield premia reflect
the average slope of the yield curve over the period. The interesting part of Figure 6 is
the confidence interval, showing that yield premia are significantly different from zero over
the whole maturity spectrum. This result contrasts sharply with the evidence on average

inflation risk premia in Figure 7, which are much smaller and insignificantly different from
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zero at all maturities. This result strongly suggests that term premia in the nominal yield
curve are mostly a reflection of real sources of risk, i.e. risks which affect both the nominal
and index-linked yield curves.

The conditional risk premia results shown in Figures 8 and 9, which focus on the 10-year
maturity, are consistent with the average results in Figures 6 and 7. The term premium
on 10-year nominal yields is large, time-varying, and strongly significantly different from
zero over the whole sample period. In contrast, the inflation risk premium tends to hover
around zero and is only occasionally statistically significant. More specifically, the 10-year
inflation premium is insignificant until mid-2000; turns significantly negative thereafter
and hovers around —40 basis points until end-2002; increases to positive territory again
and remains borderline insignificant until the end of our sample (April 2006).

The time variation in inflation risk premia is not necessarily highly correlated across
maturities. Figure 10 shows our results for the inflation premium on 3-year bonds, which
should reflect more closely risks at business cycle frequencies. This inflation risk premium
is significantly positive between the second half of 1999 and the beginning of 2000, while
becoming insignificantly different from zero thereafter.

We analyze more closely the relationship of these dynamics with those of macro-
variables in the next subsection, where it becomes clear that a direct association between
the level of actual inflation and the level of inflation risk premia would be misleading.
Instead, it turns out that the short-term policy rate and the output gap are important
in determining inflation risk premia, in line with the impulse-response results discussed
above.

From a more general viewpoint, the finding of a (temporarily) negative inflation risk
premium is not inconsistent with the theoretical results reviewed in Section 2. Neverthe-
less, it may have a more intuitive explanation in terms of liquidity premia. Indeed, one
can observe that the risk premium is negative in the period of relatively low liquidity in
the index-linked bond market (see figure 1a). Ceteris paribus, a higher liquidity premium
on real yields would tend to increase their levels, thus to reduce the break-even inflation
rate. Hence,for given inflation expectations, differential liquidity conditions could partly
explain the estimated negative inflation risk premium in 2001-2002. The latter would be
lower than the "true" inflation risk premium, because it would include a negative liquidity

premium component (namely the difference between the liquidity premia on nominal and
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real bonds).

5.3 The inflation risk premium and the macroeconomy

In order to make sense of the evolution of the estimated 10-year inflation risk premium, we
decompose the time-varying part of this premium into its determinants in Figure 11. As
shown in the Appendix, the inflation risk premium is affine in the state variables Z;, and
it is therefore straightforward to obtain a decomposition of the time-varying component of
the inflation premium in terms of inflation, output gap, inflation target and the short-term
policy rate.

The most striking feature of the results illustrated in this figure is that the premium
is insensitive to the evolution of inflation, and very mildly affected by changes in the
perceived inflation objective. This result is partly a reflection of the stability of the filtered
inflation objective over our estimation sample (see the next section). The consequence is
that the most important determinants of variations in investors attitudes towards risk are
variations in the level of short-term interest rates and in the cycle — as captured by the
dynamics of the output gap.

Ceteris paribus, investors become more willing to take on inflation risk, i.e. they re-
quire a lower inflation risk premium, when short-term interest rates are high. As argued
above, this may reflect their stronger confidence on the absence of future upside inflation
surprises when policy is tightened. At the same time, inflation risk premia are higher
when the output gap is positive, and vice versa. Once again, a positive output gap could
be associated with perceptions of a higher risk of inflation surprises on the upside.

Figure 12 compares these results to those related to real risk premia, i.e. premia im-
plicit in the return on index-linked bonds. The 10-year real premium is also insensitive
to the evolution of inflation, and little sensitive to cyclical developments — as captured
by output gap fluctuations. The real risk premium appears instead mostly correlated
with movements in the perceived inflation objective of the ECB. Small increases in the
perceived objective tend to be accompanied by increasing fears of their potential effect
on the overall macroeconomic performance. Consequently, the estimated 10-year real risk
premium increases during the mid-2000 to mid-2002 period, when the perceived target is
filtered to be slightly higher than average, and falls in 2005-2006 alongside the reduction

in the perceived target.

Working Paper Series No 734



Finally, Figure 13 reports results from the decomposition of the time-varying part of
the estimated 10-year total yield premium in nominal bonds, i.e. the sum of both real and
inflation risk premia. Not surprisingly, given the larger absolute value of real risk premia,
fluctuations in the total premium are associated with the same variables as those in the

real risk premium.

5.4 Premium-adjusted break-even inflation rates

An alternative way to account for the impact of inflation risk premia is via the calculation
of premium-adjusted break-even inflation rates, which provide a model-consistent measure
of inflation expectations over the life of the bonds. This simply strips out the estimated
inflation risk premium component from the standard break-even inflation rate. Figure 14
reports raw and adjusted 10-year break even inflation rates in the euro area.

The raw break-even rate displays some non-negligible variability, dropping down to
1.5% in 2001 and increasing thereafter up to levels slightly above 2%. To the extent these
fluctuations were directly interpreted as measures of inflation expectations, they could
provide reasons for concern. Average inflation expectations over a 10-year horizon at
either 1.5%, or above 2%, could be taken as signals of imperfect credibility of the ECB’s
price stability objective.

The premium-adjusted break-even inflation rate, however, gives a different message.
Fluctuations in the raw break-even rate are interpreted by the model as mostly due to
the dynamics of the inflation premium. Average inflation expectations are, on the other
hand, quite stable over time. Moreover, taking into account the confidence bands, the
estimated risk-adjusted break-even inflation rate has remained at levels consistent with
the ECB objective of inflation below, but close to 2%. Information from long-horizon
survey forecasts are broadly in line with our estimates of 10-year inflation expectations.
Alongside the adjusted and unadjusted break-even rates, Figure 14 displays expected euro
area inflation 10 years ahead, as reported by Consensus Economics twice per year.!? The
adjusted break-even rates are closer to the survey forecasts in the second half of the sample,
while they tend to exceed the survey data more in the early part of the sample. As already

discussed, liquidity considerations may have affected the level of index-linked bond yields

10Consensus Economics began publishing long-horizon inflation forecasts for the euro area only as of
2003. Prior to this, we use a weighted average of survey results for Germany, France, Italy, Spain and the
Netherlands. The weights used are proportional to the euro area HICP weights for these countries.
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in particular at the beginning of our estimation period. The results for the early part of
the sample should therefore be interpreted with caution.

The estimated adjusted break-even inflation rates are in line with our estimates of the
perceived inflation objective 7}, displayed in Figure 15. The objective displays very minor
variations over the 1999-2006 period, which seems intuitively appealing given the mild

inflation fluctuations observed over the same period of time.!'!

6 Conclusions

The difference between nominal and inflation-linked bond yields, the break-even inflation
rate, is often used as an indicator of market expectations of future inflation. However, the
break-even inflation rate is a noisy measure of expected inflation, because it can include
an inflation risk premium component.

This paper uses information from both nominal and index-linked yields to estimate
the size and dynamics of inflation risk premia in the euro area. This is done by adopting
the macro-finance term structure framework developed in Hérdahl, Tristani and Vestin
(2006), in which yields are derived from the dynamics of the short rate obtained from the
solution of a linear macro model, combined with an essentially affine stochastic discount
factor. Apart from delivering estimates of the inflation risk premium, this approach has
the advantage that it also makes it possible to analyze its relationship with macroeconomic
variables.

The main result of our analysis is that, on average, the inflation risk premium on long-
term euro area nominal yields was insignificantly different from zero over the 1999-2006
sample. Fluctuations around the average have also been relatively small, but statistically
significant in 2001 and 2002 and, occasionally, in the 2004-2006 period. As a result,
the raw break-even inflation rate has often provided inaccurate information on inflation
expectations. More specifically, our results suggest that fluctuations in the raw break-
even rate have mostly reflected variations in the inflation risk premium, while long-term
inflation expectations have always remained remarkably anchored from 1999 to date. Our

results suggest that a regular monitoring of inflation risk premia is important to understand

'TA caveat in this regard is that the available euro data spans a very short period of time. There are,
of course, no guarantees that the relatively limited fluctuations in inflation seen during this period will
continue to characterise the euro area economy indefinitely.
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correctly the information contained in break-even inflation rates.
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A Appendix

A.1 Pricing real and nominal bonds

The solution of the macro-model is of the form

X141 = MXq s + X&1441,
X27t+1 = CXl,t+17

where the state vector X;; = [Tt 1, %40, Ts_3, M1, Tp—2, T3, T, Ny F, 7, 1¢1] con-
tains the predetermined variables, X5 ; includes the non-predetermined variables, Xo; =
[ErTii11, - Brxegn, vy Eymisan, oo Et7rt+1,7rt]/. The nominal short term interest rate can
be written as

re=—(F1 +F2C) X,
= A/XLt

with F; and Fy partitions of F conformable with X ; and X ;.

Alternatively, we can write this in terms of the transformed state vector Z;, defined
Zt = DXl,t so that ?lt = [il?tfl, Tt—2, Lt—3, Tt—1,Tt—2, Tt—3, ﬂ-;ﬁka Tty Tty Tt thly for a suit-
ably defined matrix D, in which case the short rate is given by

ry = Z/Zt.
From the macro model solution, we also know that

1 = CrMXy + Cr 28141
1
=C;MD Z;+ C;X&1 141

where C; is the relevant row of C.
Now assume that the real pricing kernel is my,,, so that the following fundamental
asset pricing relation holds
By [miyy (14 Rizy)] = 1.

where R}, ; denotes the real return on some asset.
If we now want to price an n-period nominal bond, p}’, we get

-1
Py P
Pt _ E, m:+1 t+1]
at

qt+1

where ¢, is the price level in the economy. In terms of inflation rates, w41 = In ¢i41 —In gy,

we obtain
pn—ll
t+
pn = Et m* —_— | .
! “lexp (Te41)

Notice that this is equivalent to postulating a nominal pricing kernel m; 1 = mj,,/ exp (m41),
such that

pi = Ei [mecapfy] -

We now define the nominal pricing kernel as m;;1 = exp (—ry) wggl , where ;1 is the
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Radon-Nikodym derivative ;41 assumed to follow the lognormal process

1
¢t+1 = 1 exp <—2)\£>\t - /\;551,t+1> )

and where ); is the vector of market prices of risk associated with the underlying sources
of uncertainty & 441 in the economy. We also assume that the market prices of risk are
affine in the transformed state vector Z,

At = Ao+ MZy.

Postulating that nominal bond prices will be exponential-affine functions of the state
variables, we obtain
p = exp (A, + B Z),

where A, and B/, are recursive parameters that depend on the maturity n in the following
way:

A1 = A, — BiDY)\ + 1B, DSY'D'B,,

_ _ . .1 —
' =B.D (MD —E)\l) ~-A
Nominal bond yields are then given by
In (p}
V= (nt)
A B,
n n
= An + B;LZt
A.1.1 Real bonds
The definition of the pricing kernel implies
=—1 1)\'/\ bV
re = —Inmypy — SApAe — 141

which translates into a real pricing kernel

¢t+1
(o

myyq = exp (—r¢ + my41)

or

. — 1
My = €Xp <—A,Zt + CrMX 1 + CrXi 41 — 5)\2& - )\:tfl,ﬂ—l) -

We postulate again that real bond prices will be exponential-affine functions of the
state variables,
pi" = exp (A} + B}Z:)

where A* and B} are parameters that depend on the maturity n, and which can be
identified using
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n+lsx * 7%
Dt = E; [mt+1pt+1]

= exp <Z1;§ ~A'Z,+ C,MX,; + B'DMX; ; — ;A;At>
B, [exp ((sz N+ B,’;’ﬁz) gml)}

where we used
Ziy1 =DMX,; +DX&1 41

Noting that
e [oxp (O34 B1DE = 1) €10)] = eww (4 ((Cr + B7D) 5= x) ((Co + BD) 5 1))
and rearranging terms, we obtain
P = exp (A;; +1 (c,r + B;;'f)) sy (cﬂ + B;;’ﬁ)' - (cﬁ + B;;’ﬁ) Do
+((Ca+ ByD) (MD ' —2x) —A') 7).
We can therefore identify A¥ and B} recursively as

_ _ N — AN/ N
A, = A+ L (cTr + B;;’D) Yy ((37r n B;’D) _ <c7r n B;;’D) Sho.

1 —/

B, | = (c,r + B;;’l‘)) (Mﬁ_ - 2A1> Ny

For a 1-month real bond, in particular, we obtain

ot = By [mig]

= exp ((—Z/ +C, (M]f)_1

~TA1)) Ze - C% (ho - $2CY) )
which can be used to start the recursion. Note that the short term real rate is

=G (N - 19T + (& -, (MD T - 2)) Z

A.2 Short-rates spread

The effect of the inflation risk premium is to drive a wedge between riskless real yields and
ex-ante real yields, namely nominal yields net of expected inflation. For the short term
rate, in particular, we can write

re =17 + By [m1] + prema + 3CEE'CL
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where

i = 0 (- 42C) + (B¢ (MD ' - ) ) 2

-1
Et [7Tt+1] = CﬂMD Zt
premy; = —CrX (Ao + M Zy)
Note that the discrepancy between ex-ante real and risk-free rates is not only due to
inflation risk, but also includes a convexity term %CWZE’ C!.. We define as inflation risk

premium the component of the difference which would vanish if market prices of risk were
Z€ro.

A.3 Derivation of inflation risk premium and break-even inflation rates

For all maturities, recall that the continuously compounded yield is, for nominal and real
bonds, respectively

A, B
Ytn = - —Z
n n
A* B*l
* n n
=_Tn_Thnyg
Ytn n n t

The yield spread is therefore simply
1, < - 1,-, -
Yt;n — yfn = _H (An - AZ) - - (BZ—B*/) Z,
where
App1 — Al = A, — A% — (B], — BY) DX + C X\ — $CE¥'CL
~ CEYD/BE 4 L (B;f)zz’]b’én - B;’]‘)ZE’]‘)'B;)

— ml)

B, — B = (B,~B)D (Mﬁ‘1 '

— ml) —c, (Mf)_

Note that the nominal bond equation can be solved explicitly as

n—1
A, =4+ (SBDSYD'B, - BDTA )
=1
n—1 1
B =-A [D <MD - mlﬂ
=0

Similar, for the real bond A} we obtain

n—1
A =nCrS (38T — M) + 3 (B;’ﬁzz’c; +1BYDEYDB; - B;']‘)m)
=1

|
—

o) -&) S B (D s

i

By (c. (Mp™

I
=)
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Note that the law of motion of the transformed state vector can be written as Z;11 =
PPN | - - s 1
DMD Z;+D3>¢; 441, so that the term D (MD — E)q) represents the expected change

in Z; under Q. We can then define a new matrix M=D (1\/If)71 — Z)\l). Note also that
—~ —~ —\ —1 —~
the sum Y7~ M’ can be solved out as 37" M’ = (I - M) (I - M") for bonds of fi-
— —~ .\ -1
nite maturity.'> Note that we could equivalently write Z?;ol M' = (I — M”) (I — M) .
For the state dependent component of bond prices, it follows that

—, ., .\ -1 —

B =-A (I—M) (I—M")

_ i~ .\ 1 —~

BY = (CWD‘lM - A’) (I - M) (I - M")

and

_ N o~ —~\ —1 —~
BY - B, =Cc,D'M (I - M) (I - M")

Note also that
Ey[m4n]) = C:M"D™1Z,

and that expected average inflation up to t + n, T4, is

Efen = > Bimiy

or, writing this out explicitly,
1 .
Effien = —Cr(I—M") (I-M)'MD 'z,
n

We are now ready to define the break even inflation rate as

(P
Yt — Yt = " (A; - An) + - (B;;/ — B;l) Z;
_ % (A5 — A,) + %Cﬁl‘)—lﬁ (- ™) - (1-M") 2,

where A* and A,, are defined above.
The inflation risk premium can then be defined as
A * 1 1 2% D, —
(A — An) + — (Bn/ - B;L) Zt — Et7rt+n

. _
Yt — Ypp — EtTeyn = n

S|
S

whose state-dependent component can be written explicitly as

1. _ 1 N N1 __ .
= (B — B,) Zy—Eiin = —Cy [D_lM (I - M) (I - M”) ~M(I-M")(I-M) "Dz,
n

3

2For bonds of infinite maturity, the sum will only be defined if all eigenvalues of M are inside the unit
circle. This is not necessarily true, even if the eigenvalues of M are within the unit circle by construction.
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Note that the time-varying component of the inflation risk premium is zero at all
maturities when the A prices of risk are zero. To see this note that for Ay = 0 we obtain

M = DMD ', so that (ﬁMﬁ_1>n =DM"D!, and

1o, - 1 - . o -
S (BY = B.)Zi — EFyin = —C,M [(I—M) ' D (I — DM D—l) S (I-M")(I-M)! D—l} Z
n n L
1 - )
—CCM[I-M)TTI-M") - (I- M) (I M)’l} D7,
mn L
1 [n—1 A n—1 .
= -C.M ZMZ — ZMZ] D'z,
Li=0 =0
~0

A.4 Holding period returns

We define the one-period expected holding period return on an n-bond as
ent = Bt [Inp ™ — Inp*] .
Using the bond equations, we know that
P =exp (A5 1+ By 1Ze11)

and
eri =% (Ca+ BLLD) 2 (Co+ BiLD) + (Cr+ BILD) Sy

+ (BiLDSN - C; (MD T -3 ) + &) 7,
which in case of the 1-period bond collapses to

€l = —1CIYCL + CoN + (Z’ —C, (Mf)’l - ml)) Z

i.e. the short term real rate.
The excess real holding period return is therefore

en,—ej,=—3B; \DEY'D'B;_, + B} DT (Ao — ¥'C,) + B}/ ;DX\ Z,
Similarly, for the nominal term structure we obtain
ent = —L1B, |\ DSYD'B, , + B, DS+ (B;L,lf)ml + K’) Z
ent — €1t = B;J_lf)E ()\0 — %E,]A:)/anl) + B;L_lf)E)th
so that the nominal-real spread net of expected inflation is
ent — €y — By [ma] = -3 (B;L_lﬁzz’f)’én,l ~ B 11‘)22’13’3;;_1)

+CEY'D'B;_, + $C.E¥CL
+ (B = BiL) D~ Cr) (Sho+ ShiZy)
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We can rewrite this using the solutions for B/,_; and B}, to obtain
ent — ent — Bt [Ti1]

P —~\ -1 — 0 - . —\n—1 N AN |
= -CD M (I-M) (1-M")Dee'D! <I - (W) ) (1- 1) (A — M (DY) C;>
+ C,EY'D'B;_, + 3CE¥'CL

- (cﬂf)lﬁ (I - 1\71) - (I - 1\71"*1) D+ Cﬂ) (Sho + S\ Zy)

A.5 Forward premia
Real 1-period forward rates are defined as
fap=Inpi* —Inpf ™t
= C;X)\ — 1CEY/CL — BYDY (Y'C, — ) — i BYDXY'D'B;,
+ (B;;’ (I - ﬁ) —C,D'M + K’) Z..
Note that
Eirfin = Ca¥ (Ao - $5C)) + (&' - €, D7'M) DM D'z,
so that the real forward premium is
fay— B, = —BYDS (Y'CL — \o) — s B/DEY'D'B;,
+ (B;;’ — BYM + (K’ - cwf)—lﬁ) (I - 1‘)1\/1”’11“)—1)) Z.
The nominal-real forward spread is then given by
fag = fry= (Bl — B) DZX — $B,DEY'D'B, + : B/DEY'D' B — C,E\o + 3C,EY'Cl,

+ BYDIY/CL + (B; — B — (B, - B)M + cﬂﬁ—lﬁ) Z
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Table 1: Parameter estimates
(Sample period: Jan. 1999 - Apr. 2006)

Parameter Point estimate Standard error

P 0.955 0.027
B 1.000 1.135
v 0.777 0.268
. 0.708 0.090
Oa 0.036 0.010
L 0.146 0.071
G 0.064 0.055

- 0.99 —
O X 102 0.014 0.019
oy x 102 0.016 0.002
o % 102 0.276 0.025
oz % 102 0.059 0.005
om X 102 0.012 0.001
o, % 102 0.012 0.001
o1 —0.094 0.073
Ao.2 —0.773 0.186
0.4 —0.974 0.209

)\1 X 10_2

* r T T
7| 0.703 0 0 0.142
(1.070) (=) (=) (0.048)

r | —2.889 —1.520 0.454 2.096

(3.389) (1.707)  (0.412)  (1.158)
T 0 0 0 0
) =) ) )
T | —2.942 0 0 0
(3.504) (=) (=) (=)

Standard errors in parentheses

The standard errors are based on a Newey-
West (12 lags) HAC variance-covariance ma-
trix calculated using analytical expressions for
the Jacobian and Hessian matrices of the like-
lihood function. The estimates of the lag co-
efficients for inflation and output are not re-
ported.
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Figure 1a: Turnover in the French index-linked bond market
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Figure 1b: Euro area real zero-coupon yields
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Based on the spline method in McCulloch and Kochin (2000) applied
to prices of index-linked bonds issued by the French Treasury. Sample
period: October 1999 to April 2006 (percent per year).
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Figure 2: Euro area nominal zero-coupon yields
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Based on the interpolation method by Svensson (1994) applied to Ger-
man government bonds, as reported by the Bundesbank. Sample period:
January 1999 to April 2006 (percent per year).
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Figure 3: Euro area zero-coupon break-even inflation rates
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Figure 4: Impulse responses to a monetary policy shock
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All responses are expressed in annual percentage terms (except the output gap). Dashed
lines are 95% confidence bands based on a Newey-West HAC variance-covariance matrix cal-
culated using analytical expressions for the Jacobian and Hessian matrices of the likelihood
function. The short-term interest rate was shocked by one standard deviation (around 19

bps.).
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Figure 5: Impulse responses to an output shock

output gap response

yoy inflation response

1.5 2 -
1 Jtagt
0 -I-Z%::—
R -1 T
-1.0 Rl . o -
-15 -2 il
0 10 20 30 10 50 60 0 10 20 30 20 50 80

0.75

0.50

0.25

0.00

—0.25

-0.50

0.02

0.01

0.00

-0.01

—0.02

Sae
S~

-
-
=

10

20 30 40

50

60

-0.3

0 10 20 30 40 50

All responses are expressed in annual percentage terms (except the output gap). Dashed
lines are 95% confidence bands based on a Newey-West HAC variance-covariance matrix cal-
culated using analytical expressions for the Jacobian and Hessian matrices of the likelihood
function. The output gap was shocked by one standard deviation (around 0.7 per cent).
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Figure 6: Term structure of average total yield premia
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based on a Newey-West HAC variance-covariance matrix calculated us-
ing analytical expressions for the Jacobian and Hessian matrices of the

likelihood function.



Figure 7: Term structure of average inflation risk premia
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Expressed in percent per year. Dashed lines are 95% confidence bands
based on a Newey-West HAC variance-covariance matrix calculated us-
ing analytical expressions for the Jacobian and Hessian matrices of the
likelihood function.
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Figure 8: Estimated total 10-year yield premium
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Dashed lines are 95% confidence bands based on a Newey-West HAC
variance-covariance matrix calculated using analytical expressions for
the Jacobian and Hessian matrices of the likelihood function. Sample
period: January 1999 to April 2006; expressed in percent per year.
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Figure 9: Estimated 10-year inflation risk premium
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Dashed lines are 95% confidence bands based on a Newey-West HAC
variance-covariance matrix calculated using analytical expressions for
the Jacobian and Hessian matrices of the likelihood function. Sample
period: January 1999 to April 2006; expressed in percent per year.
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Figure 10: Estimated 3-year inflation risk premium
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Dashed lines are 95% confidence bands based on a Newey-West HAC
variance-covariance matrix calculated using analytical expressions for
the Jacobian and Hessian matrices of the likelihood function. Sample
period: January 1999 to April 2006; expressed in percent per year.
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Figure 11: Estimated 10-year inflation risk premium and its components
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The other lines show the contribution to the premium coming from each
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Figure 12: Estimated 10-year real risk premium

and its components
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The solid line is the estimated (de-meaned) 10-year real risk premium
during the sample period, expressed in annual percentage terms. The
other lines show the contribution to the premium coming from each of

the macro factors.



Figure 13: Estimated total 10-year yield premium
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The solid line is the estimated (de-meaned) 10-year total yield premium
during the sample period, expressed in annual percentage terms. The
other lines show the contribution to the premium coming from each of

the macro factors.
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Figure 14: 10-year break-even inflation rates and survey inflation forecasts
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The solid thin line is the unadjusted model-implied 10-year break-even
rate; the solid thick line is the break-even rate adjusted for the inflation
risk premium; the dashed lines are 95% confidence bands based on a
Newey-West HAC variance-covariance matrix calculated using analyti-
cal expressions for the Jacobian and Hessian matrices of the likelihood
function. The dots are 10-year ahead euro area inflation forecasts from
the biannual long-horizon survey of Consensus Economics. Sample pe-
riod: January 1999 to April 2006; expressed in percent per year.
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Figure 15: Estimated inflation target
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Dashed lines are 95% confidence bands based on a Newey-West HAC
variance-covariance matrix calculated using analytical expressions for
the Jacobian and Hessian matrices of the likelihood function. Sample
period: January 1999 to April 2006; expressed in percent per year.
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