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Forecast comparison test

- Suppose that
> y;: variable to be forecast
> Fy; & Fb;: forecasts of y; at time t — 1

- Diebold-Mariano (1995), West (1996), Giacomini-White (2006)

Ho : E[L(yt, F1r)] = E[L(yt, F2t)]
H1 : ]E[L(yt, Flt)] < ]E[L(yt, th)]

where L is the loss function.
- With d; (loss difference) d; = L(y, F1¢) — Ly, Far),

Hy: E[dt] =0 vs. H;p: ]E[dt] <0



Motivation

- Hy :E[d] =0

- Inference is typically done based on either

(a) CLT (Normal asymptotics)
(b) Stationary bootstrap (Politis-Romano 1994).

with an assumption that E|d;|” < oo for some r > 2.

This paper: we question validity of moment condition.

1. Cases where the moment cond. may be violated.
2. If so, classical CLT — size distortions

3. Subsampling as a robust procedure.



Contribution 1

1. Cases where the moment cond. may be violated (i.e., E[d?] = c0)

- Depends on the choice of L, nature of y; and Fj;, analysis in the paper

- Empirically: find values below or around 2 for various tail index
estimators of d; from variance forecast tests
(Hansen and Lunde (2005), Bollerslev, Patton, Quaedvlieg (BPQ, 2016))

2. Classical CLT leads to size distortions

3. Subsampling



Tail index estimators

Tail index estimators are overall below 2.
— No evidence for E[d?] < cc.

NGARCH(2,2), MSE NGARCH(2,2), QLIKE
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Tail index estimates of loss differences (Hansen and Lunde, 2005.) The
panels show the tail index estimates of d, = L(RV;, F}) — L(RV, FtGARCH(l‘l)) with
j € {NGARCH(2,2) , A-PARCH(2,2)}, where F} denotes the variance forecast

based on a model k& with zero-mean and Normal innovation.



Contribution 2

1. Cases where the moment cond. may be violated

2. If this is the case, classical CLT lead to size distortion

- Assume that d; is regularly varying time series with index « € (1,2).

- Asymptotic distrib. of t-stat under Hy
» Depends on how thick («) and how symmetric (p) the tails are
» Depart from Normality especially when tails are thicker and more
asymmetric

— Rejection rate # 5% under Hy with critical value of 1.64

3. Subsampling
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Asymptotics under fat-tails

Assume that d; is strictly stationary, mixing, and there exists « € (1, 2)
such that
P(|di| > z) = 27 %(2)

where £ is slowly-varying fn and

P(dt > Z) 2—00 P(dt < —Z) 2—00
|di| > 2 ’ |de| > 2

1—p, pel0,1]

hold.
Then, under the null hypothesis (E(d;) = 0),

bar(dy)) T (@)



- From Davis and Hsing (1995),

2252100325 — (2p — VE[Z;17,e00,11]) — (20 — D)o/ (o — 1)

e = (S 2272

where (d,) and (Z;) are independent and
> Z; = (X1_, Ex) Y/ where Ej, ~ iid.cxp(1).
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Contribution 3

1. E[d?] = oo may happen
2. Classical CLT leads to size distortions
3. Subsampling

- Asymptotically valid under fat-tails (Politis, Romano and Wolf, 1999)

- Finite-sample performance depends on the choice of the block sizes.

- Propose a block-size selection rule which work well in simulations
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Alternative approach: subsampling

- Block size selection (Romano and Wolf, 2001) requires pre-selected
bounds, [bmin, bmaz)-

- We propose a formula to obtain 6,5, bmas:

bmin = CminTO'g?)-, Cmm:(ﬁ_"Q)a
bz = CimaeT*®,  Crnaa = 0.5(B(2 — a) +2)a’

where («, ) estimated by assuming d; ~ S, (o, 3,0)
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Simulation under the null

DGP under the null: d; ~ iid.S, (1, 8, 1) with =0
» a€{1.1,1.3,1.6,1.9}
» 3e€{-1,-0.5,0,0.5,1}

Each replication: conduct one-sided test of level 5%.

1. Normal asymptotics: reject if 7 > 1.64

2. Subsampling w. block size selected according to the formula (w.

estimated («, §))

Simulations on the power property is



Rejection Frequency (Nominal rate = 5%)

Normal asymptotics Subsampling
3 Jé)

T -1 -05 0 05 1 ] T -1 -05 0 05 1

a=11| 250 76.30 | 62.95 [2.85 0.00 0.00 11 250 545|530 555 145 1.60
500 76.55 | 63.00 | 3.05 0.00 0.00 500 5.85] 5.60 1.30  1.00

1000 77.15| 64.10 [ 3.00 0.00 0.00 1000 85 [ 5.25 115 1.20

2500 77.55| 63.35 [3.20 0.00 0.00 2500 5.65| 6.60 |5.50 0.70 0.50

a=13| 250 43.75 25.70 340 0.20 0.10 1.3 250 5.30 540 550 3.75 2.50
500 43.10 25.20 3.90 0.10 0.00 500 5.30 6.40 6.05 3.40 225

1000 46.40 25.70 3.40 0.20 0.05 1000 5.50 4.95 5.05 2.75 1.95

2500 44.30 25.35 4.05 0.20 0.00 2500 5.05 5.35 4.45 295 1.60

a=16| 250 18.50  9.60 3.85 1.45 0.60 1.6 250 5.20 4.85 4.90 4.50 4.00
500 1790 11.05 495 1.60 0.40 500 5.10 5.40 495 355 3.15

1000 17.85 10.35 4.20 1.65 0.75 1000 4.10 3.60 3.25 3.00 2.55

2500 17.90 10.15 4.75 1.90 0.70 2500 3.90 3.75 3.40 295 2.90

a=19| 250 710 585 480 4.30 3.60 19 250 545 485 6.05 545 5.55
500 850 725 6.00 5.10 4.20 500 3.95 340 3.35 3.55 295

1000 6.45 555 4.70 3.80 3.25 1000 2.65 2.90 2.50 2.70 2.55

2500 6.65 5.70 4.80 3.85 3.25 2500 2.75 240 2.35 220 2.25

Unit: Percent
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Conclusion

- Diebold-Mariano test with Hy : E[d;] =0

- Question the validity of the moment condition, E[d}] < oo

1. Cases where the moment cond. may be violated
2. If so, classical CLT — size distortion

3. Subsampling as a robust approach.
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