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Abstract

We use a decision-theoretic framework to study the problem of forecasting discrete outcomes
when the forecaster is unable to discriminate among a set of plausible forecast distributions
because of partial identification or concerns about model misspecification or structural breaks.
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distributions. We show that for a large class of models including semiparametric panel data
models for dynamic discrete choice, the robust forecasts depend in a natural way on a small
number of convex optimization problems which can be simplified using duality methods. Finally,
we derive “efficient robust” forecasts to deal with the problem of first having to estimate the set
of forecast distributions and develop a suitable asymptotic efficiency theory. Forecasts obtained
by replacing nuisance parameters that characterize the set of forecast distributions with efficient
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1 Introduction

In this paper, we study the problem of forecasting discrete outcomes when the researcher is unable
to discriminate among a set of plausible forecast distributions. There are several reasons why
the forecaster might face uncertainty about the forecast distribution. A leading case is partial
identification, in which the data up to the forecast origin only set-identify a subset of parameters
of the forecasting model. Uncertainty about the forecast distribution can also arise when the
forecaster expands the set of models to accommodate concerns about model misspecification or

structural breaks between the in-sample and forecast period.

Suppose that a subset of parameters of a forecasting model are only set-identified. Should the
lack of point identification be a concern for the forecaster? At first glance the answer appears to be
“no”: if the parameters in the identified set generate different forecasts and some of these forecasts
are less accurate than others, then we should be able to discriminate among the parameters based
on the observed data. To the extent that we are unable to do so, the parameterizations should be
observationally equivalent and therefore generate the same forecasts. This intuition is confirmed
in the context of vector autoregressions (VARs): while the structural form of the VAR may only
be set-identified, forecasts only utilize the reduced form of the VAR which is directly identifiable.
This intuition is also confirmed in the context of dynamic linear factor models. The parameters are

only identified up to a particular normalization of the latent factors, but each normalization leads

to identical forecasts. However, the intuition is wrong in many other important settings.

Our paper makes several contributions. First, we show that the VAR intuition does not apply
when forecasting using dynamic discrete choice models for panel data. As is well known (Honoré
and Tamer, 2006; Chamberlain, 2010; Chernozhukov, Fernandez-Val, Hahn, and Newey, 2013), the
homogeneous parameters and the correlated random effects distribution are set-identified when no
parametric assumptions are made about the random effects distribution. We demonstrate that in
the panel dynamic discrete choice setting different parameters in the identified set lead to different
forecasts, some more accurate than others. Unlike a VAR, the panel dynamic discrete choice model
has a non-Markovian structure due to the sequential learning about heterogeneous coefficients.
As a consequence, parameterizations that are indistinguishable based on a panel of length 7" may

become distinguishable in a panel of length 7"+ 1.

Second, we construct forecasts that are “robust” to uncertainty about the parameterization 6
of the forecasting model among a set of parameterizations ©¢ that are observationally equivalent at
the forecast origin T'. We refer to this as uncertainty about the forecast distribution for short. Our
robust forecasts minimize either maximum risk or maximum regret (i.e. risk relative to the infeasible
Bayes decision under the true forecast distribution) over the set of forecast distributions. We show

that for binary (or classification) loss, quadratic loss, and logarithmic loss, the optimal binary
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forecast under either robustness criterion depends on two extremum problems which characterize
the smallest and largest conditional probabilities for the outcomes being forecast over the set of
forecasting distributions. Similarly, robust forecasts in the multinomial case depend in a natural
way on a small number of extremum problems. Further, we show that these extremum problems

can be simplified by duality arguments for a broad class of models.

Our robust forecasts are not only applicable in settings in which parameters are set-identified,
but also in environments in which the forecaster is concerned about model misspecification or there
is a structural break at the forecast origin. The common feature is that the forecasts depend on an
unknown parameter # which takes values in a set ©y. Under misspecification or structural breaks,
the set Og indexes an enlarged class of models representing plausible deviations from a benchmark

model.

Third, we derive “efficient robust” forecasts to deal with the problem of first estimating the set
©y prior to making the forecast. To do so, we express O as a (set-valued) function of an identifiable
reduced-form parameter P. In order to develop an optimality theory, we evaluate forecasts by their
integrated maximum risk or regret, averaging over both P and the data. Under this criterion, the
optimal forecast is what we call the Bayesian robust forecast. It is obtained by minimizing the
posterior maximum risk or regret which conditions on the data and averages out P based on its

posterior distribution.

Fourth, we develop an asymptotic efficiency theory for forecasting discrete outcomes under
uncertainty about the parameterization of the forecast distribution when ©g is estimated. We
show that in binary and multinomial discrete forecasting problems, forecasts that are asymptotically
equivalent to the Bayesian robust forecasts minimize asymptotic integrated maximum risk or regret.
We refer to such forecasts as asymptotically efficient-robust. We demonstrate that forecasts obtained
by replacing P with an efficient first-stage estimator can be strictly dominated by the Bayesian
robust forecast. This suboptimality of plug-in forecasts arises in settings in which key statistics
that determine the robust forecast are only directionally, but not fully, differentiable with respect
to the identifiable reduced-form parameters. Bagged predictors (see Breiman (1996)) that replace
posterior averaging with averaging across the bootstrap distribution of an efficient estimator of P,

on the other hand, tend to be asymptotically efficient-robust.

Our paper is related to several literatures. For forecasting short time-series using panel data
see, e.g., Baltagi (2008), Gu and Koenker (2017), Liu (2019), and Liu, Moon, and Schorfheide
(2018, 2020). Applications of partial identification in nonlinear panel data analysis include Honoré
and Tamer (2006) and Chernozhukov et al. (2013). Much of our paper is devoted to forecasting
binary outcomes which has been previously considered by, for instance, Elliott and Lieli (2013),
Lahiri and Yang (2013), and Elliott and Timmermann (2016).
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There is an extensive literature on statistical decision theory following Wald (1950). Closely
related to our approach are I'-minimax (or [-minimax regret) decisions in robust Bayes analysis
(Robbins, 1951; Berger, 1985). In economics, this approach is also related to the multiple priors
framework of Gilboa and Schmeidler (1989) and the robustness literature following Hansen and
Sargent (2001). For econometric applications, Chamberlain (2000, 2001) derives minimax decision
rules under point identification. Kitagawa (2012), Giacomini and Kitagawa (2018), and Giacomini,

Kitagawa, and Uhlig (2019) study robust Bayesian analysis under set identification.

Hirano and Wright (2017) study the problem of forecasting continuous outcomes under un-
certainty about predictor variables in a weak predictor local asymptotic setting. Despite several
differences between their work and ours,' they also find that bagging can reduce asymptotic risk.
Discrete forecasting has a similar structure to statistical treatment assignment and our efficiency
results are related to efficiency results in that literature, most notably Hirano and Porter (2009).
In their setting, a welfare contrast is a smooth function of a point-identified, regularly estimable
parameter. Their efficient rules are based on plugging-in an efficient estimator of the parameter.
In our setting, uncertainty about the forecast distribution can introduce a type of non-smoothness
to the robust forecasting problem. In consequence, our efficient robust forecasts differ from plug-in

rules.

The remainder of this paper is organized as follows. Section 2 describes the setup, our ob-
jectives, and introduces motivating examples. Sections 3 and 4 derive our robust and efficient
robust forecasts for binary and multinomial forecasting settings, respectively. Section 3 also con-
tains an application to panel models for dynamic binary choice. Section 5 presents the main results
on asymptotic efficiency. Appendix A discusses computation for a broad class of models includ-
ing semiparametric panel data models. Appendix B contains additional results on robust binary

forecasts and all proofs are relegated to Appendix C.

2 Setup, Motivating Examples, and Objectives

2.1 Setup

The econometrician wishes to forecast a random variable Y taking values in a finite set ). The
econometrician assumes Y is distributed according to an (unknown) distribution in a family of
forecast distributions {}P’g(Y =vy):0c¢ 60}, where 6 € © denotes a vector of parameters and

©p C O indexes the set of forecast distributions over which the forecaster seeks robustness. The

'For instance, uncertainty about the parameterization of the forecasting model is resolved asymptotically in their
framework whereas it persists in our setting.
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forecast distributions Pyg(Y = y) may be conditioned on covariates observed by the econometrician

when making the forecast, but we suppress this dependence in what follows to simplify notation.

As we discussed in the Introduction, there are several reasons why the forecaster might be
uncertain about the forecast distribution. A leading case is partial identification, in which ©g
represents the identified set of parameters that are observationally equivalent up to the forecast
origin. Uncertainty about the forecast distribution can also arise under concerns about model
misspecification or structural breaks. In these settings, ©g indexes an enlarged class of models

representing plausible deviations from a benchmark model.

2.2 Motivating Examples

To fix ideas and illustrate the broad applicability of our results, we now present a number of ex-
amples of where this forecasting problem arises. The first four examples use a panel data model
for dynamic discrete choice to show how our approach accommodates concerns about model mis-
specification and structural breaks in a unified manner, though these are relevant concerns for any

forecasting model. The last two examples involve counterfactuals and treatment assignments.

Example 1: Semiparametric random effects model for dynamic binary choice. Let
Yier1 = I[N + BYie > Uiry1], P(Uisr < ulYy =", X = A) = O (u), (1)

where Iy > a] = 1if y > a and 0 otherwise, Y = (Y1, ..., Vi)', and y* € {0, 1}'. The econometrician
observes Y = (Yi1,...,Yir) for i = 1,...,n where T is fixed. To avoid the initial conditions
problem, the econometrician treats Yjo as unobserved and specifies a joint distribution II,, over
Y;o and ;. As is well known, /3 is not point-identified when T is small and no parametric restrictions
are placed on II , (see, e.g., Cox (1958), Chamberlain (1985), and Magnac (2000)). Moreover, IIj ,,

and the ®; are not nonparametrically point-identified for any T

The econometrician wishes to forecast individual-level outcomes Y;r;1 conditional upon an
individual’s history YiT =y’ € {0,1}7. Suppose that the econometrician assumes each of the ®;
takes a parametric form ®, such as logistic or standard normal. The identified set ©¢ then consists
of all (I ;, 8) for which the model-implied probabilities of observing sequences Y;' = yT € {0,1}7
are equal to the probabilities observed in the data up to date T

©0 = {0 = (B8,1Ix,y) € ©: p(y"|B,11xy) = p(y") Vy" €{0,1}"}, (2)

where p(yT| 3,11, ;) denotes the model-implied probabilities and p(y”) denotes the true (population)

probabilities of observing Y, = 3. In the above notation, Y = Y;741 and the forecast probability
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Py denotes the conditional probability over Y;7y1 given YiT =y’

_ S @(Byir + Np(y" Iyo, A; B)dITry (A, yo)
fp(yT’yOa A; ﬁ)dn)\,y()‘a ?JO)

Py(Y = 1) := Py(Yiry1 = 1|Y;]" = y") 0o 3

Example 2: Misspecification. Consider the setup described in Example 1, but suppose that the
econometrician adopted a parametric correlated random effect model, II, ,, = IL(\, yo; §) for & € Z,
a set of auxiliary parameters. The econometrician is worried that this parametric random effects
specification is misspecified, and so allows for the possibility that IIy , € N(§), a neighborhood of
II(A, y; &). Suppose the econometrician again sets ®; = ® for all t. The set O is

O ={0=(8,¢1y) € O :p(y"|8,1Lry) = p(y") Vy" € {0,1}" and II,, € N(&)}.

This setup was considered by Bonhomme and Weidner (2019) under local misspecification, where
N (&) are Kullback-Leibler neighborhoods N (§) = {II : K(IT||II(-;£)) < 8} for each £ € E with
4 J 0 as n — 0o, so that worst-case misspecification bias and sampling uncertainty are of the same

order asymptotically.? We instead treat § > 0 as fixed, allowing global misspecification. [J

Example 3: Structural breaks. Three types of breaks can, in principle, occur at the forecast
origin 7" in Example 1: a break in the distribution of the U, a break in the individual effects A;,
and a break in 5. Suppose the econometrician again takes &, = ® for dates ¢t = 1,...,7T, but
allows for the possibility that &7 # ®. For instance, the econometrician might want to allow
for @741 € N, a neighborhood of ®. Even if 8 and II, , were known at date 7', there would still
be a set of forecast distributions for Y;r,1 corresponding to different &7, € N. Using the above

notation, we can redefine ©g as

©o = {0 = (8,15, P741) € © : p(y"|8,115,) = p(y") Vy' € {0,1}7 and @744 € N},

and replace ® in the definition of Py(Y = 1) in (3) with ®71;. Breaks in A; can be viewed as a
location shift of the distribution ®; and are subsumed under breaks in the distribution of Uj; for

suitable choice of N. Breaks in § can be handled by defining
©0 = {0 = (8, Br+1,1Ixy) € © : p(y"|B8,1I\,) = p(y") Vy" €{0,1}7 and |8 — Bri1| <5},

and by replacing ®(By;r + A) in (3) with ®(Bpri1yir + A). O

2Note that the emphasis of Bonhomme and Weidner (2019) is on estimating posterior average effects whereas we
focus on forecasting discrete (e.g. individual-level) outcomes.



This Version: December 10, 2020 6

Example 4: Semiparametric random effects model for dynamic multinomial choice.

Let

m m 0 m t. —
}/;t-‘rl = arg m'rgx (Uz’t+1 + 87,'15-}-1) ’ Uit+1 = 07 Uit+1 = umt+l(Xita }/; ,¢a )‘iv YZO) , M= ]-a s 7M7

where ¢;; = (E?t, ... ,Ef\t/[)’ is a vector of utility shocks with e;| X, A; ~ @ for each ¢, ®; is a

potentially time-varying distribution, ¢ is a vector of homogeneous parameters, A; is a vector
of heterogeneous parameters, and X;; is a vector of exogenous regressors. The econometrician
observes Y = (Yi1,...,Yr) and X! = (Xi1,...,Xir) for i = 1,...,n where T is fixed and
n — oo. To avoid the initial conditions problem, the econometrician specifies a joint distribution
Iy, for (A, Yio). As with Example 1, identification of model parameters with fixed 7" and n — oo
is delicate, especially when parametric assumptions about the ®; and/or II,, are relaxed; see
Honoré and Kyriazidou (2000), Chernozhukov et al. (2013), Khan, Ouyang, and Tamer (2019),
and references therein. Identified sets and forecast probabilities for individual-level outcomes are

constructed in a similar manner to Example 1. [

Example 5: Counterfactuals in structural models. Counterfactuals in structural models
are also subsumed in our framework when the outcome of interest is discrete, as is often the case
for static or dynamic models of discrete choice or discrete games (e.g. firm entry/exit). In the above
notation, 6 are the structural parameters estimated under one policy regime, the econometrician
wishes to predict a variable Y, and the model implies that Y is distributed according to Py under
the intervention. Partial identification can arise on two fronts. First, the model may itself be
specified flexibly, leading to a non-singleton identified set O of structural parameters. Second, the
potential for multiple equilibria and lack of knowledge about an equilibrium selection mechanism
under the intervention may lead to a nontrivial set of forecast distributions. This can be subsumed
by treating the selection mechanism itself as part of 6, with ©¢ indexing distributions in a manner
that is robust to the type of selection mechanism (see, e.g., Jia (2008), Ciliberto and Tamer (2009),
and Grieco (2014)). O

Example 6: Treatment assignment. The problem of making discrete forecasts has a very
similar structure to a treatment assignment problem, e.g., determining whether an individual should
be vaccinated. Suppose the econometrician has access to a sample of observational data of size n
and observes for an individual 7 the triplet X; = (Di, Woi(1—D;), WliDi), where D; is a treatment
indicator, and Wy and Wj are the potential outcomes (“welfare”) of the untreated and the treated
individuals. As the sample size tends to infinity, the econometrician is able to estimate the reduced
form expectations P = (E[D], E[Wy(1 — D)],E[W;D]).
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Let Py denote the joint distribution of (D, Wy, W7). To keep the example simple, we assume that
the potential outcomes are binary and take values {ag, a1} and {bg, b1}. Thus, the distribution Fj
is discrete with support on {0, 1} x {ag, a1} X {bo, b1 }. The support points of the potential outcome
distribution can be easily point-identified based on two untreated (and two treated) individuals
with different outcomes. Thus, we exclude the support points from the definition of 6 and P.
Using the notation that 6;;, = P(D =i, Wy =a;, W = bk), the identified set Oy(P) is defined by

the following set of linear restrictions:

0 < O < 1, DY =1, EDI=) > by,

i=0,1 j=0,1 k=0,1 7=0,1k=0,1
EWo(1— D) = Y aoboor + ar6o1r, E[WiD] = > bofijo + bibyu,
k=0,1 Jj=0,1

where 0 stacks the 0, probabilities.

Define the indicator variable Y = I[W; > Wy] which measures whether the treatment effect is
(weakly) positive or not. From a policy maker’s perspective the treatment effect for an individual
not included in the initial trial is uncertain and the treatment decision d € {0,1} can be viewed as
a forecast of Y € {0,1} with the understanding that the individual should be treated if the point

forecast of Y is one and not treated otherwise.

Dehejia (2005) analyzed this problem in a decision-theoretic framework under point identifi-
cation with binary treatments. However, the example highlights the well-known result that the
distribution of welfare rankings can be partially identified (see, e.g., Manski (1996, 2000) and Heck-
man, Smith, and Clements (1997)). Manski (2000, 2002, 2004, 2007) used a decision-theoretic
framework to analyze optimal treatment in a planning problem under partial identification and

advocated minimax and minimax regret approaches.® O

2.3 Objectives

We derive two types of forecasts that deal with uncertainty about the forecast distribution. The
first are robust forecasts which seek to robustify the forecast with respect to Y being distributed
according to any distribution in the class {Py : 6 € ©p}. We use minimax and minimax regret
criteria as our notion of robustness. The second are efficient robust forecasts which deal with the
additional problem of having to first estimate ©q from data. The exposition in the remainder of this
section and in Section 3 focuses on binary outcomes. We will consider extensions to multinomial

outcomes in Section 4.

3Manski focuses on population welfare objective whereas here we focus on individual-level outcomes. See also
Manski and Tetenov (2007), Hirano and Porter (2009), Tetenov (2012), and Kitagawa and Tetenov (2018) amongst
others, for the analysis of treatment rules under social welfare objectives.
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Known ©g. Given a decision space D C [0, 1], a loss function ¢ : {0,1} x D — R and 6 € Oy, the
risk of d € D under the forecast distribution Py is

Eg[£(Y, d)] = £(0,d) Pa(Y = 0) + £(1,d) Py(Y = 1).

The expectation [y and forecast probabilities Py may condition on covariates observed by the
econometrician when making the forecast; we have suppressed this dependence to simplify notation.

The 0-optimal forecast, denoted dj, minimizes risk under Py:
Eg[€(Y,d})] = inf Eg[l(Y,d)].
ol0(Y, dp)] = inf Eo[(Y, d)]

A minimazx forecast solves

inf Eql6(Y, d)]. 4
inf, sup Eol((Y,d)] (4)

The regret of a forecast is its risk in excess of the risk of the #-optimal forecast. A minimax regret

forecast solves

it s (Bole(v, )] — Eole(v, d5)]) (5)

Robust forecasts are derived under these criteria in Sections 3.2 and 4.2 for binary and multinomial

outcomes, respectively.

Estimated ©¢. In many scenarios the researcher might not know 0y and will therefore need to
first estimate the set (or features of ©p germane to the forecasting problem) from a sample of data
of size n.* Our efficient robust forecasts deal with the additional uncertainty that arises from not
knowing ©¢. Here “efficient robust” forecasts are those for which the maximum risk or regret is as
close as possible to the maximum risk or regret of an oracle forecast with known © (see Section 5).
This efficiency notion recognizes that uncertainty about the true identity of the forecast distribution
among the class {Py : 0 € Oy} is the dominant consideration asymptotically, but that estimation

error may nevertheless have a material impact on the forecast in any finite sample.

To make the analysis of efficient robust forecasts tractable but reasonably general, we assume
that the model for the data, say X,,, and outcome Y is indexed by 6 and a k-dimensional vector of
reduced-form parameters P € P C R¥. The parameters § and P are linked by a known mapping
P — Oy(P). For partially identified forecasting models, ©¢(P) denotes the identified set if P was

the true reduced form parameter value. We assume that X,, and Y are related to § and P in the

4The known-O case can be viewed as the limit as n — oo.
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following manner:

Po(Y = y| X, P) =Po(Y =), (6)
Xn0,P ~ Fop. (7)

Condition (6) implies that Y does not depend on the data X,, or P beyond dependence through 6.
Condition (7) says that the distribution of the data is fully summarized by P, which is standard
for estimation and inference under partial identification; see, e.g., Moon and Schorfheide (2012).

Examples 1-6 can be shown to fit this framework. Here we just discuss Example 1 for brevity.

Example 1 (continued). In this example, the econometrician observes data X,, = (Y1) .
The data are used to estimate the vector P = (p(yT))yTe {0,1}7, which collects the probabilities of
observing sequences y” € {0,1}7. The mapping O¢(P) from P to § = (3,11,,) is defined in (2).
Given a history y’, the distribution of Y = Yjr,1 is fully summarized by 6; see (3). Moreover, the
distribution of the data is itself multinomial over the different realizations of y” with probabilities
P. Thus F, p is the product of n multinomial distributions with probabilities P. In this model
1o and A\ are unit specific and the forecasts are constructed based on the posterior distribution of

(Y0, A) conditional on 0 = (5,11, ), see (3). O

3 Binary Forecasts

In this section we consider the binary forecasting problem. First, in Section 3.1 we review several
common binary loss functions and their corresponding #-optimal forecasts. In Section 3.2 we derive
forecasts that are robust to uncertainty about the forecast distribution and in Section 3.3 we
construct efficient robust forecasts for the case of an estimated ©(. The forecasts are summarized
in Table 1 below. Section 3.4 presents an application to semiparametric panel data models for

dynamic binary choice.

3.1 #-Optimal Forecasts

We consider three loss functions to evaluate forecast accuracy: binary (or classification) loss,

quadratic loss, and log predictive probability score.

Binary (or Classification) Loss. The binary loss function for D = {0, 1} is

b(y,d) = arolly =1, d=0] + anlly =0, d = 1], (8)
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where a1, ap1 > 0. A special case with ajg = ag; is classification loss £(y,d) = I[y # d].° The

f-optimal forecast is

Qg =T[Po(Y =1) = o] (9)
and its risk is

a1oPp(Y = 1) A anPy(Y = 0), (10)
where a A b = min{a, b}. The 6-optimal forecast is not unique when Py(Y = 1) = —#L—. In this

case, however, all #-optimal forecasts differ only in their handling of ties and have the same risk.

Quadratic Loss. The quadratic loss for d € D = [0, 1] is
2
o d) = (- ). (1)
With D = [0, 1] the f-optimal forecast is the mean of Y under the forecast distribution:

dgg =Eg[Y]=Pp(Y =1). (12)

Log Loss. Here the loss function for D = [0, 1] is
lp(y,d) = —Iy = 1]logd — I[y = 0] log(1 — d) . (13)
The #-optimal forecast is also the mean:
dyg=Pg(Y =1). (14)

Although the #-optimal forecasts under quadratic loss and log loss are the same, their risks are
different: the risk under quadratic loss is the variance of the forecast distribution, whereas the risk

under log loss is the entropy of the forecast distribution.

3.2 Robust Forecasts

We now relax the assumption that the forecast distribution Py is known and derive forecasts that
are robust with respect to Py being any member of the set of forecast distributions {Py : 6 € O¢}.

Note, however, that in this section we treat ©¢ as known.

5When a19 = ao1, it is without loss of generality to normalize their common value to 1.
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The minimax and minimax regret forecasts will depend on the lower and upper values of the

forecast probabilities as 8 varies over Oq:

pr:= inf Pyp(Y =1), and (15)
[ASSH

pu = sup Pyp(Y =1). (16)
0€0q

Although our characterizations are general, the challenge in implementing robust forecasts is to
solve these extremum problems which will typically require exploiting some additional structure.
Appendix A shows how duality methods may be used to simplify computation in a broad class of

models that includes, but is not limited to, semiparametric dynamic binary choice models.

3.2.1 Minimax Forecasts

Binary (or Classification) Loss. We first derive the forecast that solves (4) for the binary loss

function /¢, from (8) and decision space D = {0,1}. The maximum risk of d € {0, 1} is

apr —ao1pr, ifd=1,

sup Eg[6p(Y,d)] = ' (17)
€O alo Ppu ifd=0.
The minimax forecast for binary (or classification) loss is therefore
dbmm = Lao < anpr + aropu] (18)

and the minimax risk is

Rp.mm = (@01 — ao1pr) A (aiopu) -

The minimax binary forecast is not unique when ag; = ag1pr, + a1opy- In this case, each minimax

forecast differs only in its handling of ties and has the same maximum risk.

Quadratic Loss. We now derive the forecast that solves (4) for the quadratic loss function ¢,

from (11) and decision space D = [0,1]. The maximum risk of d € [0, 1] is

ifd=

pu(l—2d)+d* ifd<3,

sup Egllg(Y.d)] = | pr(1—2d)+d*> ifd>1, (19)
0€Bg 1
5.

S
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The minimax forecast is therefore

pu ifpy <3,
dgmm = | pr ifpr >3, (20)
% otherwise,

and the minimax risk is

pu(l—py) ifpy <3,
Rymm = | po(l—pr) ifpr >3,
i otherwise .

Log Loss. The minimax forecast dg ,m, is also minimax for the log loss function ¢, from (13) and

decision space D = [0, 1]; see Appendix B.

3.2.2 Minimax Regret Forecasts

Binary (or Classification) Loss. We first derive the forecast that solves (5) for the binary loss
function from (8) and decision space D = {0,1}. In view of (10), the inner maximization problem

in (5) becomes

ao1 — (a1 +aiw)pr), ifd=1,
sup <E9[£b(Y, d)] — a1oPe(Y = 1) A ag1Pe(Y = o)> | ¢ ( )L . (21)
€60 ((ao1 +a10) pu — ao1), ifd=0,
where a4y = max{a,0}. Therefore, the minimax regret forecast is
db,mmr =1 |:<aolaila1o _pL>+ = (pU o aofilalo)+:| <22)

and its maximum regret is

Ripmmr = (@01 — (ao1 + a10)pr) ;. A ((ao1 + a10)pv — ao1), -

The minimax and minimax regret binary forecasts for classification loss (i.e., ap1 = ai9) are the

same; see Appendix B. As with other forecasts for D = {0,1}, the minimax regret forecast is not

necessarily unique. Non-uniqueness arises whenever (aofilaw —pr)+ = (pu — aofilczlo)+‘ If so, each

minimax regret forecast has the same maximum regret and differs only in its handling of ties.
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Quadratic Loss. We now derive the forecast that solves (5) for the quadratic loss function ¢,

from (11) and decision space D = [0, 1]. By convexity, the maximum regret of d € [0,1] is

sup EQ[EQ(Y) d)] =
0€0q

_d2 if d < pL+PU
[ (pU ) 1 = 2 ) (23)

(pr —d)? ifd > PLiPu,

The minimax regret forecast for quadratic loss is therefore the midpoint of the extreme forecast
probabilities:

d _ pL+DpU
q,mmr — T

and the minimax regret is

2
* bu —PL
Rq,mmr = <2> :

Log Loss. Finally, we derive the forecast that solves (5) for the log loss function from (13) and
decision space D = [0,1]. The minimax forecast is the #-optimal forecast if p; = py. Suppose
pr < pu. The regret of any d € [0, 1] is the Kullback—Leibler (KL) divergence

Py(Y = 1) log (P"(Yd:”> +Po(Y = 0)log (IP’g(lY_:dO)) .

By convexity, the maximum regret must be obtained at either py, or py:

sup (Eoltp(Y, )] — Eolty(Y, dj )] ) = mas | (plog (g) +(1-p)log G:Z)) L (24

When p = pr,, term in parentheses is increasing for d > py, and when p = py the term in parentheses
is decreasing for d < pr. The maximum regret is therefore minimized by choosing d to equate the

two values. The minimax regret forecast under the log-scoring rule dp m,r uniquely solves

d mmr h(pU) - h(pL)
lo P, > = , 25
& <1 - dp,mmr bu —pL ( )

where h(p) = —plogp — (1 — p)log(1l — p) is the entropy of a Bernoulli distribution with success
probability p. The minimax regret forecast is therefore the value p that minimizes the maximum

KL divergence between the Bernoulli distribution and the forecast distribution Py over 6 € ©y.

3.3 Efficient Robust Forecasts

We now dispense with the assumption that ©g is known. We consider the setting described at
the end of Section 2 in which the econometrician wishes to forecast Y having observed data X,.

In order to develop an optimality theory, we evaluate forecasts by their integrated mazximum risk,
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defined as
m(dn;m) = // sup  Eg[l(Y,d(X,))] dIL,(P|X,) dF,(X,) . (26)

0€Oo(P)

We will use a similar definition of integrated mazimum regret, denoted by Bymr(dyn; 7). Here, 7 is
a prior distribution for P with support P, IL,,(P|X,,) is the posterior distribution of P after having
observed the data X,,, and F,,(X,,) is the marginal distribution of the data X,,. As in Section 3.2,
conditional on P € P, we consider the maximum risk or regret over Oy(P). This is the maximum
risk faced by the forecaster if P were the true reduced-form parameter. We then average across
the joint distribution of (P, X,,) to obtain the integrated maximum risk. The factorization of the
joint distribution in the conditional distribution II,,(P|X,) and the marginal distribution F,,(X,)
highlights the well-known result that the integrated (maximum) risk is minimized by choosing
the forecast that minimizes the posterior (mazximum) risk for each realization X,. We denote the
optimal forecasts under the risk and regret objectives by dp pm and dp ymyr, respectively. We refer to

them as Bayesian robust forecasts and derive explicit formulas in the remainder of this subsection.

Remark 3.1. While it may seem asymmetric to use an integrated (or Bayes) criterion to deal
with P but minimax risk or regret to deal with 6 conditional on P, there are are two reasons for
doing so. The first is from a robust Bayes perspective on the forecasting problem under partial
identification. If the true value Py is identified and consistently estimable, then the posterior for P
will not depend on 7 asymptotically. In contrast, the data do not update prior beliefs about 6 over
the identified set ©g. Therefore, the posterior for § in a Bayesian implementation will depend on
the prior asymptotically (see, e.g., Moon and Schorfheide (2012)). Our use of minimax criteria to
deal with partial identification of # can be motivated from robustness considerations with respect to
the prior on 6 (Kitagawa, 2012; Giacomini and Kitagawa, 2018). The second is practical: average

criteria lead to tractable, easily implementable forecasts. [J

3.3.1 Minimax Forecasts

We now make dependence of p;, and pyy on the reduced-form parameter explicit by writing

pr(P):= inf Py(Y =1), pu(P):= sup Py(Y =1).
0€60(P) 96y (P)

Binary (or Classification) Loss. In view of (27), the posterior average maximum risk of choos-
ing d € {0,1} is

[ s By a)an, e = | 0 O ALEED) A=

0€Oq(P) alo pr dH (P|X ) ifd=0.
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The Bayesian robust forecast is therefore
db,mm (Xn) =1 [am < /(aomL(P) + aiopy (P)) dIL,(P|Xy)| - (28)

Quadratic Loss. In view of (19), the posterior average maximum risk of choosing d € [0, 1] is

pu(P)dIL,(P|X,))(1 —2d) +d* ifd <
[ pr(P)dIL,(P|Xy))(1 —2d) +d* ifd>
if d =

—~~

/ sup  Eglty(Y, d)] dIL, (P|X,) =
0€B(P)

ST ST T

AN

The Bayesian robust forecast is therefore

pr(P> dHn<P’Xn> if pr(P) dHn(P|Xn) < %
dgamm(Xn) = | [pr(P)dl,(P|X,) if [pL(P)dIL,(P|X,) > 3, (29)
% otherwise

Log Loss. The forecast dg mm(Xy) is also the Bayesian robust forecast for the log loss function
¢, from (13) and decision space D = [0, 1]; see Appendix B.
3.3.2 Minimax Regret Forecasts

Binary Loss. In view of (21), the posterior average maximum regret for d € {0,1} is

/ sup (Eg[fb(Y, d)] — alg]Pg(Y = 1) AN CLOl]P)Q(Y = O)) dHn(P|Xn)
€O (P)

_ [ (a01 — (ao1 + a10)([ pr(P) dIL,(P|X,))), ifd=1,
((ao1 + a1o) ([ pu(P)dlln(P|X,)) — ao1), if d=0.

The Bayesian robust forecast is therefore

hannn (%) =1 | [ (5885 = pu(P)) (P < [ (o) = i) ana(pix)] - (60

Quadratic Loss. In view of (23), the posterior average maximum risk of choosing d € [0, 1] is

Jou(e) -y {d < 2elP) ;pU(P)] T (pu(P) — d)1 [d > “(P);”(P)} AT, (P|X.,).

The Bayesian robust forecast dgmmr(Xy) is the minimizing value for d € [0,1], which can be
computed numerically (e.g. by replacing the integral with the average across a large number of

draws from the posterior then minimizing with respect to d).
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Log Loss. In view of (24), the posterior average maximum risk of choosing d € [0, 1] is

P 1-p
log (=) +(1—p)log [ —= ) ) dII,,(P|X,,
/PG{pLI(%??;U(P)} (p Og<d> -7 Og<1—d>> (PlXx)

The Bayesian robust forecast dp mmr(Xp) is the minimizing value for d € [0, 1], which again can be

computed numerically.

3.3.3 Summary

Table 1 summarizes the 6-optimal, the robust, and the Bayesian robust decisions under binary,

quadratic, and log loss functions.

3.4 Numerical Illustration

We close this section with a numerical illustration to show how uncertainty about the true 8 € 9
can induce substantial variation in the implied forecast distribution in nonlinear models. We use a
panel probit design from Honoré and Tamer (2006). The model is as in Example 1 with ®; taken
to be the standard normal cdf for all . The distribution II) , is unspecified, but A is assumed to be
supported on the discrete evenly-spaced grid {—3,—2.8,...,2.8,3}. Under the true data-generating
process, A and Y;y are independent with Y;g taking the value 0 or 1 with probability % and the
probability mass for \ is assigned by interpolating a N(0,1) distribution on the support points.’

In this example, we wish to forecast Y;r,1 having observed Y,;T. In our earlier notation, the
outcome of interest Y represents Y;ry1 and the forecast probability Py(Y = 1) denotes the prob-
ability under @ that Y;741 = 1 given Y;'; see display (3). The identified set ©p consists of all

(B8,1Iy,) that can match the model-implied probabilities of observing sequences Y;T =y with the
true probabilities for all y7 € {0,1}7; see display (2).

We may compute the set of forecast probabilities {Pp(Y = 1) : § € ©¢} by adapting linear
programming methods from Honoré and Tamer (2006) as follows. Denote the support of IIy,
by (A1,%01)s---5 (AL, yor). As the support of Il , is discrete, we identify IIy, with a L-vector
T e Al = {z e RE - Zlel z; = 1} and write the restrictions defining ©p in display (2) as
G(B)m = r. The matrix G(B) is a 27 x L matrix whose I'" column G;(3) is the 27-vector of
model-implied probabilities of observing different realizations of YiT conditional on \; = )\; and
Yio = you:

Gi(8) = (p(y" lyor, 1 8))

yTef0,1}7’

See p.619 in Honoré and Tamer (2006) for details.
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f-optimal:
djy = argmingcp Eg[((Y, d)]

Binary ¢, dy g = I[(ao1 + a10)Pe(Y = 1) > ao1]
Quadratic {4 dj p =Py(Y =1)
Robust (minimax):
Ay = argmingep (supgee, Eo[l(Y, d)])
Binary 4, dy,mm = Llao1pr, + a10py > ao1)

Quadratic £,

pu ifpy <3,
dgmm = | pr ifpr >3,

% otherwise,

Log ¢, dp,mm = dgmm
Robust (minimax regret):
Qo = argmingcp (suppee, Eol€(Y, d)] — Eo[f(Y, dj)])
Binary £ dommr = (o~ 1)y < (o0 — 22)1)
Quadratic {4 dgmmr = 3(pL + pv)
Log ¢, dq.mmr = see equation (25)
Bayesian robust (minimax):
A (X)) 1= argmingep [ SUPgeo,(p) o [£(Y, d)] dIT,,
Binary £, dpmm (Xn) = Tlao1 < [ (aoipr(P) + aiopy(P)) dIL,;]

Quadratic £,

dgmm(Xn) = | [pr(P)dIL, if [py(P)dI, > 3,
% otherwise

Log ¢, dp mm (Xn) = dgmm(Xn)
Bayesian robust (minimax regret)
Ammr (Xn) := argminep f(SUPeeeo(P) Eg[£(Y, d)] — Eg[(Y, d;)]) dIf,
Binary ¢, db,mmr(Xn) = H[f(a()lailalo - pL(P))+dHn < f(pU(P) — 05 )+dHn]

Quadratic £,

Log ¢,

ag1taio

dq,mmr(Xn) = arg minde[o,l] f(pU(P) _ d)Q]I[d < M] dHn
+ [(pr(P) — d)?1[d > LePrpo @ gy,
dp mmr (X)) = argmingepo 1 J MaXpe (p, (P)pu (P)} (P log(5) + (1 —p) IOg(}%Z)) diI,

Table 1: Summary of binary forecasts for binary loss ¢}, from (8), quadratic loss £,

from (1

where

1), and log loss ¢, from (13). To simplify notation, II,, denotes II,(P|X,).

p(y" Yo, A B) =

=

O(Byr—1 + A (1 — @(By—1 + A) ¥, (31)

t=1

and r = (p(yT))yT €{0,1}7 is the 27-vector that collects the true probabilities of each realization of

the sequences Y;I. The forecast probability Py(Y;r41 = 1|Vl = yT) from display (3) may also be
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lth

written as b(S3)'m where b(f5) is an L-vector whose [*" entry is

T .
bi(B) = (Byr + )\;)é(ﬁ) lyor, A\is B) 7

where y7 denotes the element of y” corresponding to date 7. Note that we can place p(y’) in the

denominator because [ p(y”|yo, A; 3)dILy (A, y0) = p(y?) for any 0 € Oy.

The problem of computing py can be written as

B TeEAL-1

py = Sup< sup b(B)'m st. G(B)r = r) ,

with the understanding that the value of the inner maximization over 7 is —oo if there does not exist
a 7 for which G(8)m = r. For such values of § there does not exist a IIy , such that the model can
explain the observed probabilities up to date T. As shown in Appendix A, the inner optimization

over I , can be rewritten as a linear program, leading to the equivalent representation

pU = s%p <v€%1}£+1 O1xx, 1Jv st A(B)v < —b(ﬁ)) , (32)
where K = 27 and A(8) = [G(B)' — (11x1 ® '), —11x1] with ® denoting the Kronecker product.

The lower value is computed similarly; see Appendix A.

Suppose T' = 2 and the true Sy = 0.2. The identified set for /3 is approximately [—2.4403, 1.2428];
these are all values of § for which there is a II, such that the model can explain the observed
probabilities up to date T = 2. The limits of the identified set for [ are denoted as grey dashed
vertical lines in Figure 1. For each value of § in this set, we compute the smallest and largest
values of the forecast probability Py(Y = 1) subject to the constraint that (3,1I),) € ©¢. The
linear programming problem to compute the upper probability conditional on 3 is characterized in
parentheses on the right-hand side of (32). The range of forecast probabilities as a function of
is shown as the shaded regions in Figure 1 for different values of Y;7. Maximizing and minimizing
with respect to 3 yields the values p; and py; these are marked as black dotted horizontal lines
in Figure 1. Although each (3,11, ,) € ©g induces identical distributions over YiT, they induce
different distributions over Y;ri; and therefore different #-optimal forecasts. As a consequence,
some parameterizations that are indistinguishable based on T observations become distinguishable
based on T + 1 observations and the identified set shrinks over time. This feature is due to the
sequential learning about heterogeneous parameters that generates a non-Markovian structure of

the model.

In this numerical example, we consider robust forecasts which take ©y as known. This is the

asymptotic problem faced by the forecaster in a large-n, fixed-T setting. Suppose we condition on
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B B

(a) Yir =0 (b) Yir =1
Figure 1: Panel probit example with T'= 2 and 3y = 0.2. Shaded regions denote the sets
{Po(Y =1):(B8,IIx,) € Og} as a function of 3. Black dotted lines denote py, and py .

Y.l with Y;r = 0.7 The set of forecast probabilities {Py(Y = 1) : § € O} is wide, spanning from
pr = 0.2997 to py = 0.6803 (see the left panel of Figure 1). In particular, there are § € 0 for
which Pyg(Y = 1) < 3 so the f-optimal decision would be dy g = 0 for these 0. However, there are
other 6 € O for which Pg(Y =1) > % and therefore the corresponding #-optimal decision would be
dy g = 1 for these 6. Our robust forecasts are useful here as the forecaster has no way to discriminate
among 6 € Oy based on date-T information. As p; + py < 1, the minimax and minimax regret
forecast for symmetric binary loss is therefore dp pmm = dpmmr = 0. Similarly, when Y;r = 1 the
set of forecast probabilities {Pp(Y = 1) : § € ©p} is again quite wide, spanning p;, = 0.3775 to
pu = 0.7320 (see the right panel of Figure 1). Here pr, + py > 1 50 dy ymm = dbmmr = 1.

4 Multinomial Forecasts

We now extend the preceding analysis to multinomial forecasts. We first describe #-optimal forecasts
with known 6 (Subsection 4.1), then describe forecasts that are robust with respect to the set of
forecasting models {Py : § € Oy} with ©¢ known (Subsection 4.2), before concluding with efficient
robust forecasts that deal with both model and sampling uncertainty (Subsection 4.3). The forecasts

are summarized in Table 2 at the end of this section.

4.1 6¢-optimal Forecasts

Throughout this section we focus on classification loss for the decision space D = {0,1,...,M}:

le(y,d) =1y # d]. (33)

"In this design, the conditional distribution of Y711 given YiT depends only on Yr.
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This loss function generalizes binary loss in the symmetric case (i.e., ap1 = ajp) to multinomial

forecasts.® The f-optimal forecast in this environment under Py is the most likely outcome:
d’ o € argmax Py(Y =m). (34)
’ m

In the above display we write “€” to allow for the possibility of ties. When the arg max is non-
singleton, any element of the set of minimizers is a #-optimal point forecast. Any @-optimal forecast
has risk

1 —max Pg(Y =m).
m

4.2 Robust Forecasts

We now derive the minimax and minimax regret forecasts that solve the decision problems (4) and

(5) for the classification loss function ¢, from (33) and decision space D = {0,1,..., M}.

4.2.1 Minimax Forecasts

In the multivariate case, the analogues of p;, and py are the M + 1 quantities

p = inf Pp(Y =m), me{0,1,...,M}. (35)
—m [US(SH

Computation of p,, using duality methods is discussed in Appendix A. The maximum risk from
choosing d € D is

sup Ky [ec(Yv d)] =1- b, (36)
(ASSH)

The minimax forecast for classification loss is therefore

de,mm € arg maxp (37)
and the minimax risk is
Remm =1— maxp, . (38)

As before, the minimax-optimal forecast is not necessarily unique. Non-uniqueness arises when the
set of maximizers of m +— p,, is not a singleton. If so, each minimax-optimal forecast differs only

in its handling of ties and has the same maximum risk.

81t is straightforward to modify what follows to penalize some types misclassifications more heavily than others,
as we did in the binary case. We adopt the equal-weighted specification (33) for notational convenience.
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4.2.2 Minimax Regret Forecasts

For minimax regret forecasts, define

App, := sup <maXIP’9(Y =m') —Py(Y = m)) . (39)
0€00 \ ™

Suppose the forecaster chooses d. The difference max,,s Pg(Y = m') —Py(Y = d) is the regret from
this choice under the forecast distribution Py. Having chosen d, the quantity Apg is therefore the

forecaster’s maximum regret over all € ©. The minimax regret forecast is therefore
demmr € argmin Apy, .
m

and the minimax regret is

R = min Ap,, .
m

c,mmr

Unlike the binary case, equivalence of minimax and minimax regret forecasts for classification loss

no longer holds when M > 2; see Appendix B. Computation of Ap,, is discussed in Appendix A.

4.3 Efficient Robust Forecasts

In this section we now drop the assumption that ©q is known and consider also the need to estimate
features of ©¢ that are relevant for the forecasting problem from data. We consider the same setup

and notation as developed for the binary case in Section 3.3.

4.3.1 Minimax Forecasts

Here we make dependence on the reduced-form parameter explicit by defining

(P):= inf Pe(Y =m).

By 0€00(P)

In view of (36), the posterior average maximum risk of choosing d € D is

/ sup By[£u(Y, d)] dTL,(P|X,) = 1 — / b, (P)dTT,(P|X,)
0€Oo(P)

The Bayesian robust forecast is therefore

de,mm(Xy) € arg max (/pm(P) dHn(P|Xn)> : (40)
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f-optimal d; g € argmax,, Pp(Y =m)

Robust (minimax) demm € arg ming, Ap,

Robust (minimax regret) de.mmr € argming, Apy,

Bayesian robust (minimax) demm (Xn) € argmax,, ([p_(P)dl,(P|X,))
Bayesian robust (minimax regret)  demmr(Xy) € arg min, ( i Apm P)dI1r, (P]Xn))

Table 2: Summary of multinomial forecasts for classification loss ¢, from (33).

In case of ties, any (possibly randomized) tie-breaking rule is optimal. For instance, one could

simply choose the smallest value of m among the set of maximizers.

4.3.2 Minimax Regret Forecasts

For minimax regret forecasts, define

App(P) := sup (maxPy(Y =m') —Pyp(Y =m)).
0c0o(P) ™

The posterior average maximum regret of choosing d € D is

[ AntP)ain,(PIx,) .

The Bayesian robust forecast is therefore

demmr(Xn) € arg mni@n </ App(P) dHn(P|Xn)> . (41)

In case of ties, any (possibly randomized) tie-breaking rule is optimal. For instance, one could

simply choose the smallest value of m among the set of minimizers.

5 Asymptotic Efficiency for the Robust Forecasting Problem

In this section we focus on forecasts that are asymptotically efficient-robust. We continue to
evaluate the forecasts by their integrated mazximum risk (or regret), but only require this criterion
to be minimized in the limit as the sample size n tends to infinity. This enlarges the class of efficient

forecasts to those that are asymptotically equivalent to the Bayesian robust forecast.

Some interesting findings emerge. First, “plug-in” rules, in which an efficient estimator Pis
plugged into the rules derived in Sections 3.2 and 4.2, are not asymptotically efficient-robust if

the key quantities which determine the robust forecast (i.e., pr(P) and py(P) in the binary case)
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are only directionally differentiable functions of P. This stands in contrast with other asymptotic
efficiency results for related problems that depend smoothly on first-stage estimators, including
point estimation under partial identification (Song, 2014) and efficient statistical treatment rules
under point identification (Hirano and Porter, 2009), for which plug-in rules are efficient. Second,
forecasts that are constructed via bagging tend to be asymptotically efficient-robust. To construct
such forecasts, the posterior distribution for P is replaced by the bootstrap distribution of an
efficient estimator of P. The forecast is then chosen to minimize the maximum risk or regret over
©¢(P) averaged across the bootstrap distribution. As discussed in Remark 5.6 below, it can be
shown that the bagged forecasts are asymptotically equivalent to the Bayesian robust forecasts even

under directional differentiability.

5.1 Limit Experiment

Our approach follows Hirano and Porter (2009) and uses Le Cam’s limits of experiments framework.
As is standard for treatments of asymptotic efficiency (see, e.g., van der Vaart (2000)), we work
with a local reparameterization in which the reduced form parameter is P, = Py + n~1/2p for P,
fixed and h ranging over R¥. Let oy and Pl}h denote convergence in distribution and in probability
under the sequence of measures {F}, pnyh}nzy The model for X,, is locally asymptotically normal at
Py if for each hy € R¥, the likelihood ratio processes indexed by any finite subset H C R¥ converge

weakly to the likelihood ratio in a shifted normal model:

dF, P, 1
< AFnpo ) o (exp ((h — ho)'Z — S(h = ho) In(h — ho>) ) (42)
AFn. Py / hen 2 heH

with Z ~ N (hg, I, 1) and Iy nonsingular. Let E; and Pj, denote expectation and probability with
respect to Z ~ N(h, I; ).

Assumption 5.1.

1. P is an open subset of R¥ with Py € P;

2. The model for X, is locally asymptotically normal at each Py € P.
In the dynamic binary choice example, Assumption 5.1.1. implies we observe all possible realizations
of histories ¥;I' € {0,1}7 up to time T with positive probability.

To describe the limit experiment, consider the collection I of sequences of forecasts {dy, }n>1

that converge in distribution under {F, p, , }n>1:

D= {{dn}n>1 s dn(Xn) Toge Qp,n for all h € R and Py € 77} ) (43)
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where Qp, 1, denotes a probability measure on D equipped with its Borel o-algebra. Assumption
5.1 permits application of an asymptotic representation theorem of van der Vaart (1991). For
any {dy}n>1 € D there exists a function d (Z,U) with df (Z,U) ~ Qp, n where Z ~ N(h, Iy
and U ~ Uniform[0, 1] independently of Z is a randomization term. As n — oo, the average
excess maximum risk and regret of any sequence of forecasts {d, }n>1 € D converges to a limiting

counterpart for its representation d (Z,U) in the limit experiment.

5.2 Asymptotic Efficiency

The robust forecasts derived in Sections 3.2 and 4.2 are oracle forecasts in the sense that they were
obtained under the assumption of knowledge of the true set ©g. To distinguish the oracle forecasts
from the data-dependent forecasts dim(Xy) and dpmr(Xy), in what follows we use the notation

d, (P) and d°

o mr(P) to denote the oracle forecasts when P is the true reduced-form parameter.

To facilitate the asymptotic calculations, we evaluate forecasts by their excess maximum risk or

regret relative to the oracle. The excess maximum risk of d,,(X,,) is

ARy (dp; P, X)) = sup Eg[l(Y,dn (X)) — sup Eg[l(Y,do,.(P))].
0€B(P) 0€O¢(P)

Integration over (P, X,,) leads to the integrated excess mazimum risk
AB} (dps ) = //\/HARmm(dn;P, X,) dIL, (P X,,) dF, (X,).

We standardize by /n and recenter at the maximum risk of the oracle to ensure that ABJ, (d,; )
converges to a finite but potentially non-zero limit, though this does not change the ranking of
forecasts. Therefore, the Bayes robust forecast under minimax risk also minimizes AB},,, (dp; 7).
Excess maximum regret AR, and integrated excess maximum regret ABJ  (dy;m) are defined

similarly, replacing risk in the above display with regret.

To derive the asymptotic counterparts, we begin by calculating a frequentist risk that averages
over the data X, conditional on P and then integrates over P using the prior w. To express the
frequentist risk, let Ep, , denote the expectation with respect to X, ~ F), p, . Using this notation
and conducting the change-of-variables from P, ;, to h, the frequentist excess maximum risk can be

expressed as

AB . (dy; Py, m) = /Epmh [\/ﬁARmm (dn,Pn,h;Xn)] 7 (Ppyp) dh. (44)

Here we dropped the Jacobian term that arises from the change-of-variables because it simply scales

the average excess maximum risk by a power of n without changing the ranking of forecasts. We
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include Py in the conditioning set to indicate that the calculations are done locally around F.
The regret ABJ...(dyn; Py, m) can be expressed in a similar manner. asymptotically efficient-robust
(dy; Py, ). Under

forecasts are those that minimize lim,,_,oo AB},,. (dy; Po, ™) and lim, oo AB,...

conditions permitting the interchange of limits and integration, we obtain

lim ABsz(dn’ P077r) = W(PQ) / ( le EPn,h [\/ﬁARmm (dna Pn,h; Xn)]) dh,

n—oQ

and similarly for regret. The limit in parentheses will depend on the sequence of forecasts {d,, }n>1
through its representation in the limit experiment. Also note that the asymptotic ranking of

forecasts does not depend on 7.

The following example illustrates the normalization of the excess maximum risk and the use of

the local reparameterization.

Example 7: Local parameters and frequentist excess maximum risk. Suppose that P =
(0,1), p(P) = P, and

I

s

a

w

~—

Il
N[—= DO|—=

For a binary loss function with ag; = a19 = 1, the robust forecast takes the form

o (P) =11 < pr.(P) + pu(P)] = I[P > 3]. (45)

D=

If the true P is bounded away from %, then eventually we will learn whether it is less or greater
than % and make the optimal decision. The most challenging case is when P is very close to %
Thus, we center the local reparameterization at Py = % Suppose that under P, j the frequentist

sampling distribution and the Bayesian posterior for P are
P|P,j~ N(Pyp,n™Y), P|X,~N(P,n 1,

respectively. The posterior is obtained under a uniform prior on P when n is large enough so
that the truncation effect of the prior at the boundary of (0,1) is negligible. Under the local
reparameterization, the sampling distribution of h = \/H(P — Py) and the posterior distribution for
h=+/n(P — Py) are

~

h|(Py, ho) ~ N(ho,1), h|(Xn, Po) ~ N(h,1),

respectively.
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In this example P (equivalently h) is a sufficient statistic. For any decision d,,(h), we obtain

1= pr(Pup) if dn(h) =1,
pU(P’n,ho) 1f dn(h) - 0 .

sup  Eg[l(Y, dn(h))] =
OeeD(Pn,ho)

Here 1 —pr(Ppp,) =1/2 — n~1/2hg is linear in hg whereas

1 -1/2 :
+2n ho ifhg>0
pu(Pung) =4 3 oo
Using straightforward algebra it can be shown that
. . 3hoPppo [dn(R) = 0] if hg >0,
by 1y VAR i (), Pagt )] = o) =0] (46)
_hO]P)n,ho [dn(h) = 1] if hg <0,

where [P, , denotes probabilities under £}, Pong- It follows that for any sequence {d,} € D,

- - 3hoPy, [d% (Z) = 0] if hg >0,
lim Ep, , [VAR (Ao (), P )] = { oPoldR(2) = 0] it o 2
S —hoPp, [ (Z) =1] if hg <0,

where Z ~ N(hg,1) under P,,.° The formula shows that the y/n standardization leads to a well-

defined non-trivial limit of the frequentist excess maximum risk. [

5.3 Binary forecasts

In this section we show that the efficient robust binary forecasts that were derived in Section 3.3 are
optimal. For brevity, we focus on discrete forecasts with D = {0, 1} under binary or classification

loss. This class of forecasts is also relevant for its connections with statistical treatment rules.

Say f: P — R? is directionally differentiable at Py if the limit

Ry th) — F(P)

10 P =: fPo [h]

exists for every h € R¥, in which case fp,[-] is its directional derivative. Note that fp,[] will be
positively homogeneous of degree one but not necessarily linear. If fpo [h] is linear in h we say that
f is fully differentiable at FPy. We say that the posterior I, is consistent if II,,(P € N|X,,) R
for every neighborhood N containing Py for each Py € P. Recall that Z ~ N(h, Ial) in the limit
experiment. Let P, denote probability statements with respect to Z. Moreover, let Z* ~ N(0, I 1)
independently of Z and E* denote expectation with respect to Z*.

9Here it is without loss of generality to write dp, as a function of Z only; see the discussion in Appendix C.2.
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Assumption 5.2.

1. (a) The functions py and pr, are everywhere continuous and everywhere directionally differ-
entiable;
(b) The function x — P, (E*[pr p, (2" + Z] + pu,p, [ Z* + Z]| Z] < x) is continuous at © = 0
for each h € R¥ and Py € P with ap1pr(Po) + aiopy (Po) = ag1 and py(Py) > —20

ap1+aio’

2. (a) The posterior for P is consistent;
(b) For any neighborhood N of Py there is v > % such that n'IL,(P & N|X,,) i 0;
3. (a) At any Py € P with ao1pr(FPo) + a10pv(Po) = ao1, for any Borel set A,

tin B,y ([ VAUP) = S0 AP € 4) = By (1 2+ 2112) € 4)

with f = (pLapU);.
(b) Similarly, for any Borel set A,

hm Fup,, (/\f f(FPo))+ dIL,(P|X,) € A> =P, (E*[(fPo[Z* +Z))4+]7] € A)
with f = (pr,pu), where (+)4 is applied element-wise.

The directional differentiability of Assumption 5.2.1 was built into the functional form of py(-) in
Example 7. Appendix A shows that in a broad class of problems the extreme probabilities pr,(P)
and py(P) can be expressed as min-max or max-min problems, where the outer optimization is
over homogeneous parameters and the inner optimization is a linear or convex program. It follows
that pz(-) and py(-) are typically only directionally, rather than fully, differentiable functions.!’
Directional differentiability can also be a feature of models defined via moment inequalities (cf.

Example 5).

Assumption 5.2.2(a) holds under standard regularity conditions (see, e.g., Chapter 10.4 of
van der Vaart (2000)). For Assumption 5.2.2(b), note that II,,(P ¢ N|X,,) typically converge to
zero exponentially. For instance, in a normal means model with X,, ~ N (P, 5, (nlp)™!) and a flat
prior on P, we have II,(P ¢ N|X,) = O(e™“) for some ¢ > 0.'" More generally, the classical

posterior consistency results of Schwartz (1965) establish exponential convergence rates.

Assumption 5.2.3 is simply assuming that a é-method applies for the posterior distribution of

10See, e.g., Theorem 3.1 of Greenberg (1997) for directional differentiability of the value of linear programs, Chapter
4.3 of Bonnans and Shapiro (2000) for directional differentiability of the value of convex programs, and Milgrom and
Segal (2002) and Shapiro (2008) for directional differentiability of min-max problems.

"Note P|X,, ~ N(Xp, (nlo)™") under a flat prior. Choose ¢ > 0 so that Ba.(Py) C N. Then Po(X,, € B-(Po)) — 1
and whenever X,, € B:(Py), we have II,,(P € N|X,,) < IL,(|P — X,| > | X,) = O(e™*") for any ¢ < %)\min(lo).
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directionally differentiable functionals of P.'? For a heuristic justification for Assumption 5.2.3(a),
consider a normal means model with X,, ~ N(P,,(nlp)"!). Under a flat prior for P, we have
P|X, ~ N(X,, (nly)~!). For a directionally differentiable function f:

P ([ VP) = fr) aim(Plx,) € 4)

o~ 3 (P=Xn)' (nlo)(P—Xn)
= Funy, | [ VAP - 1) =7 ped
|27 (nly) |
S o~ 3 (P=Xn) (nlo)(P—Xn) 1P e A
~ F, nifs = ©
Prn /fPo[ ( 0)] |27 (ndo) !

F : (X, — P e U e A
= Iy K+ v/n(Xy, — ———dak € ,
o /ﬁﬂ (X = PO

with the final line is by the change of variables x = /n(P — X,,). The last integral can be rewritten
E*[fp,[Z* + Z]|Z] where Z*|Z ~ N(0,1;") with Z = \/n(X,, — Py) ~ N(h,I;!) under F, p, ,. A
similar argument provides a heuristic justification for Assumption 5.2.3(b). In the presentation of

the asymptotic efficiency results for the binary forecasts we rely on the following definition:

Definition 5.3. Given a sequence of forecasts {dp}n>1 € D, we say that d, is asymptotically
equivalent to dpmm if dn(Xy) and dymm(Xy) have the same asymptotic distribution under the
sequence of measures {Fy, p, , }n>1 for all Py € P and h € RE.

Let ABY

b,mm

(see display (44)) for binary loss ¢, from (8). We require forecasts to satisfy an additional technical

(+; Py, 7) and AB}

b (3 Po, ) denote integrated excess maximum risk and regret

condition, namely condition (A.10) in the Appendix, which permits the interchange of limits and
integration. This condition can be verified under more primitive conditions (see Remark C.6).
Let D denote the set of all sequences of {0, 1}-valued forecasts that converge in the sense of (43).
Theorem 5.4 states that forecasts that are asymptotically equivalent to the Bayes forecasts are

asymptotically optimal. A proof is provided in Appendix C.

Theorem 5.4. (i) Let Assumption 5.1 and parts (a) of Assumption 5.2 hold and let d, be asymp-
totically equivalent to dp ymym and satisfy condition (A.10). Then: for all Py € P,

lim AB},.(dn; Po,m) = inf liminf AB},. (dn; Py, ) .

n—00 {dn}e]ﬂ) n—00

(ii) Let Assumptions 5.1 and 5.2 hold and let cin be asymptotically equivalent to dy ymy and satisfy

12Gee, e.g., Kitagawa, Montiel Olea, Payne, and Velez (2020) for a formal justification. This may require strength-
ening our definition of directional differentiability to Hadamard directional differentiability.
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condition (A.10). Then: for all Py € P,

lim AB}, e (dn; Po,m) = inf liminf AB

n—00 {dn}e]ﬂ) n—00

bmme (dns Po, ) .

Remark 5.5. The asymptotic efficiency extends to Bayes forecasts derived under priors that differ
from the “objective” prior that is used to compute the integrated risk but assign positive density
in the neighborhood of Fy. In large samples, the posterior is dominated by the likelihood function
and the shape of the prior density does not affect the asymptotic form of the posterior distribution.
The optimality result also extends to forecasts derived under a misspecified likelihood function, as
long as this likelihood function leads to a large-sample posterior that reproduces the asymptotic

form of the posterior under the “true” likelihood function. [

Remark 5.6. Given the asymptotic equivalence of posterior distributions of parameters and the
bootstrap distributions of their efficient estimators,'® bagged estimators that replace posterior
averaging with averaging across the bootstrap distribution of an efficient estimator of P will yield

asymptotically efficient forecasts under suitable modification of the above regularity conditions. [J

Remark 5.7. The optimal forecasting problem with D = {0, 1} has a similar form to the optimal
treatment problem studied by Hirano and Porter (2009) and our proofs follow similar arguments.
In their setting, the oracle treatment rule is of the form I[g(FPp) > 0] where g is (fully) differentiable.
Their asymptotically efficient rule replaces g(FPy) by g(p) where P is an efficient estimator of P,.
When p;, and py are directionally, rather than fully, differentiable, the optimal forecasts that we

derive are of a different form from plugging P into the oracle rules. This difference arises because

[ FnIvate - Rl (PLX) # fr [ [ vite -y eix.)

under directional differentiability. If py, and py are fully differentiable then both sides of the above
display are equal and plugging in P into the oracle rule is asymptotically efficient. [

As we formalize in Proposition 5.8 below, asymptotic equivalence to dp pm, (respectively, dp mms)
is a mecessary condition for a forecast d,, to be asymptotically efficient-robust under minimax risk

(respectively, regret) under a side condition ensuring that ties occur with probability zero.

In view of Definition 5.3, we say that asymptotic equivalence fails at Py if there exists some h, €
R¥ for which d,(X,,) and dp s (Xn) have different asymptotic distributions under the sequence of
measures {F, P, tn>1 with P, 5, = Py +n~"Y2h,. A proof for the following proposition is provided

in Appendix C.

!3This equivalence carries over to directionally differentiable function (see, e.g., Kitagawa et al. (2020)).
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Proposition 5.8. (i) Let Assumption 5.1 and parts (a) of Assumption 5.2 hold, let dy pm satisfy

condition (A.10), and let {Jn}nz1 € D be a sequence of forecasts for which d, and dp mm are not

asymptotically equivalent. Then for any Py at which asymptotic equivalence of d, and dp,mm fails:
lim inf AB pyn (d; Py, ) > {diﬁfe liminf ABY (dn; Po, )

provided either (a) or (b) holds:

(a) ao1pr(Po) + aropu (Po) # aot,

(b) ao1pr(Po) + a1opu (Po) = ao1 and E* [aqipr,p,[Z* + Z) + aropu,p, [2* + Z) | Z] # 0 a.e.

(i) Let Assumptions 5.1 and 5.2 hold, let dy ymy satisfy condition (A.10), and let {d,}n>1 €D be

a sequence of forecasts for which d, and dp,mmr are not asymptotically equivalent. Then for any

Py at which asymptotic equivalence of Jn and dp mmyr fails:

liniinf ABZ},mmr(dn;POﬂT) > inf liminf ABY,, .., (dn; Po, )

{dn}€D n—o0

provided either (a), (b), or (c) holds with a = 9%

(a) pr.(Po) + pu(Po) # 2a,

(b) pL(Po) + pu(Po) = 2a, pu(Po) > pr(Po), and B*[pr, p,[Z* + Z) + pu,p, [Z* + Z) | Z] # 0 a.e.,
(c) pL(Po) = pu(Po) = a and B*[(pr,p, [Z* + Z)) - + (Pu,p, [ Z* + Z])+ | Z] # 0 a.e.

Example 7: (continued). The oracle forecast under the minimax risk criterion was given in

display (45). In order to compute the Bayesian robust forecast we need to evaluate
[@uP)+ pu(Py ai, (I,
- L /0 [1/24+n"2h +1/2] exp {—l(h — 1%)2} dh
V2T o 2
L /+Oo [1/2+ 7720 +1/2 + 207 Y/2R] exp {—1(h - ﬁ)z} dh
V2m Jo 2

where h = /n(P — P,) with Py = + and @y and ¢y denote the standard normal cdf and pdf.
As P is a sufficient statistic, the forecasts only depend on the data X, though p or, equivalently,
through h. We may deduce that

db,mm(il) =1 [ﬁ > 2¢N(ﬁ) ] '

1+ Q@N(il,)



This Version: December 10, 2020 31

05 N

0a |- Iy

Figure 2: Frequentist excess maximum risk in the limit experiment of the efficient robust
forecast dp, ymm (solid line) and the forecast dP/“9 based on plugging in an efficient estimator
of P (dot-dashed line) as a function of the location parameter hq for the Example 7.

Note that the term on the right-hand side of the inequality in the indicator function is always

: . . : : - : ! .
negative. The plug-in forecast is obtained by replacing the unknown P by P, leading to dy 7 (P) =

N A~

I[p(P) + py(P) > 1]. In the present example, the plug-in forecast can be expressed equivalently
in terms of A

49 (h) =1 [ﬁ > 0} . (48)

b,mm

The plug-in forecast is not asymptotically equivalent to the Bayesian robust forecast. In particular,
the Bayesian robust forecast predicts Y = 1 more aggressively than the plug-in forecast. It can be
verified by direct calculation in this example that this more aggressive forecast is asymptotically
efficient-robust. It also follows from Proposition 5.8 that the plug-in forecast is not asymptotically
efficient-robust. This is seen by noting that ag1 = a0 = 1, pr.(Fo) + pu(Fo) = 1, pr.p[h] = h,
pu,py[h] = 2(h)+, and so B* [ao1pr, p, [Z* + Z]+aropu,p, [2* + Z] | Z] reduces to Z+2E*[(Z*+Z) | Z]

which is nonzero almost everywhere.

To quantify the inefficiency of d’g,l:;gm(il) relative to dymm(h), straightforward algebraic manip-
ulations using (46) allow us to derive formulas for the frequentist excess maximum risk of dp ym ()
and dgf:in(ﬁ) as a function of hg. The results are plotted in Figure 2. The plug-in forecast is
inferior to the Bayesian robust forecast from an integrated risk perspective: the area under the
curve corresponding to dp yy, is around 20% smaller than that under the curve corresponding to
the plug-in forecast. While dp ,,,, was designed to be optimal from an integrated risk perspective,
it also dominates the plug-in forecast from a minimax perspective: the maximum excess maximum

risk of the plug-in forecast in the limit experiment is around 75% larger than that of dp .-
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Figure 3: Frequentist excess maximum regret in the limit experiment of the efficient robust

forecast dp ymr (solid line), the forecast dP/“9 based on plugging an efficient estimator of

P (dot-dashed line), and the forecast dp nm (dashed line) as a function of the location
parameter hg for the Example 7.

Similar calculations can be made under the regret criterion. The oracle forecast is of the form
by () = I[(3 — p(P))+ < (pu(P) — 3)+]. Similar calculations as for the risk criterion can be
used to obtain a formula for the Bayesian robust forecast. In turns out that the plug-in forecast
remains unchanged. Frequentist excess maximum regrets as a function of hgy are plotted in Figure
3. Again, the plug-in forecast is not asymptotically efficient-robust and dominated by the Bayesian
efficient robust forecast once we average across hg. Its integrated excess maximum regret is around
8% smaller and maximum excess maximum regret is around 41% smaller. Also shown is the excess
maximum regret of a forecast which plugs the posterior means of pr,(P) and py(P) into the oracle:
d'(X,) =1[(3— [ pr(P) dIL,(P|X,))+ < ([ pu(P)dIL,(P|X,)—3)+]. This forecast is equivalent to
the minimax forecast dj ym, and is therefore optimal for minimizing integrated excess maximum risk
but not necessarily integrated excess maximum regret. Figure 3 shows that dp - also dominates

d' in terms of both its average (2.5% smaller) and maximum (21% smaller) excess maximum regret

in the limit experiment. [

Remark 5.9. Consider the numerical example from Section 3.4. The optimization problems py (P)
and pr,(P) can be recast as the value of max-min and min-max problems in which the reduced-form
parameter P enters the objective function. As is well known (Milgrom and Segal, 2002; Shapiro,
2008), the value of max-min and min-max problems is typically only directionally, rather than fully,

differentiable. OJ
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5.4 Multinomial Forecasts

We now turn to extending the asymptotic efficiency result to multinomial forecasts that are asymp-
totically equivalent to the Bayesian robust forecast from Section 4.3. To do so, we first state some

additional regularity conditions.

Assumption 5.10.

1. (a) The functions Por--->Py 0T everywhere continuous and everywhere directionally differ-
entiable;
(b) The functions Apy,...,Apy; are everywhere continuous and everywhere directionally
differentiable;

2. The posterior for P is consistent;
8. (a) At any Py € P with p _(Po) = p,,(Fo) for some m' # m and p_(FPo) > p, (Po) for all
ke€{0,...,M}, for any Borel set A we have

i B, ([ VACP) = 170) A (PLX,) € 4) = By (7n 27 + 2]12] < 4)

with f = (]30, e ,QM);
(b) At any Py € P with Appy(Po) = Apyy (Po) for some m' # m and Apn,(Py) < Api(FPo)
for all k € {0,..., M}, for any Borel set A we have

lim Fop,, </f F(Py)) dIL,(P|X,) € A> =P, (E*[fpo[z* v 2)|7] € A)

with f = (Apo, ey ApM),'

Assumption 5.10 is similar to Assumption 5.2. In particular, a heuristic justification for Assumption

5.10.3 follows similar reasoning to that presented earlier for Assumption 5.2.3.

We now present the asymptotic efficiency results for multinomial forecasts. Let AB; mm (3 Po, )
and ABL,, (-

sification loss /. from (33). Also let D denote the set of all sequences of {0, ..., M }-valued forecasts

; Py, m) denote integrated excess maximum risk and regret (see display (44)) for clas-

that converge in the sense of (43).

Theorem 5.11. (i) Let Assumption 5.1 and Assumption 5.10.1(a), 5.10.2, and 5.10.3(a) hold and
let d,, be asymptotically equivalent to demm and satisfy condition (A.10). Then: for all Py € P,

lim AB?mm(dn;Po,ﬂ) = inf liminf ABY, . (dn; Po, 7).

n—00 {dn}eD Tn—00
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(ii) Let Assumption 5.1 and Assumption 5.10.1(b), 5.10.2, and 5.10.3(b) hold and let d,, be asymp-
totically equivalent to demmy and satisfy condition (A.10). Then: for all Py € P,

(czn;Po,W): inf liminf ABY

{dn}eD n—oo c,mmr

lim AB"

nyoo c,mmr (dnv Py, 77) .
As with Remark 5.6, bagged forecasts in which the posterior distribution is replaced with the
bootstrap distribution of an efficient estimator of P can be shown to be asymptotically efficient-
robust under a suitable modification of the regularity conditions. As with Proposition 5.8, it is
possible to show that forecasts that are not asymptotically equivalent to the dc mm and depmmr are

not asymptotically efficient-robust under side conditions ruling out ties.

6 Conclusion

In this paper we proposed use of robust forecasts that are obtained by solving a minimax risk
or minimax regret problem to deal with uncertainty about the forecast distribution. We also
derived asymptotically efficient-robust forecasts that deal with the estimation of the set of forecast
distributions. In addition to being useful for forecasting binary and multinomial outcomes, these
methods have wide applicability in environments in which a forecaster is concerned about structural

breaks, model misspecification, or a policy maker has to make treatment assignments.
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Online Appendix: Robust Forecasting

Timothy Christensen, Hyungsik Roger Moon, and Frank Schorfheide

A Computation

The challenge in implementing the minimax and minimax regret forecasts is to solve the extremum
problems py, and py from (15) and (16) in the binary case, or p ~and Apy, from (35) and (39) in

the multinomial case.

We show how to compute these quantities in a class of models in which (i) vector of model
parameters 6 may be partitioned as 6 = (¢, II), where ¢ is a low-dimensional parameter and IT is
a probability measure, and (ii) both the forecast probabilities and restrictions defining the set Qg
are linear in II. This nests semiparametric panel data models we study (Examples 1-4) and several
other models, such as game-theoretic models (Example 5). In the next subsection, we show how
linear programming techniques similar to Honoré and Tamer (2006) may be used when the support

of II is discrete. Subsection A.2 studies the continuous case.

A.1 Computing Extreme Probabilities: the Discrete Case
A.1.1 Binary forecasts

We consider a class of problems where the forecast probabilities and restrictions that define the
set O are linear in II, where II has discrete support. We can identify IT with a vector 7 € AL~1
where L is the number of points of support of IT and AY™1 = {z € R : Zle x; = 1}. We further

assume that we can write the forecast probability as

b(¢)'r, (A.1)

where b(¢) is a L-vector that may depend on the homogeneous parameters, and the restrictions
defining ©¢ as
Gp)mr=r, (A.2)

where G(¢) is a K x L matrix and r € R¥,

Consider, for example, the semiparametric panel data model (Example 1). In that setting,
the low-dimensional parameter ¢ is 3, the probability measure II is the joint distribution II, , of

(M, Yi0), and the parameter space is © = {(5,II,,)}. The identified set is the collection of all
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(B8,1Iy,) such that the model-implied probabilities of observing each realization of YZ-T is equal to

the population probability p(y”); see display (2). The model-implied probabilities are given by

p(y" 18,105y = /p(yleo,A;ﬁ) dIly (A, %0) ,

with p(y”|yo, A; ) from display (31). Because p(y”|3,115,) = p(y”) for any 6 € Oy, the forecast
probability given YiT =y is

_ S ®Byir + Np(y" Iyo, A B)dTry (A, o)

Po(Yirs1 = 1|Y;1 = yT
(l-‘r ‘z ) p(yT)

Returning to the general case with forecast probabilities as in (A.1) and restrictions defining

O as in (A.2), we can write py as

pU = sup ( sup b(¢)'m st. G(¢)m = r) .

¢ reAL-1

As we show in the following proposition, the inner optimization over m can be written as a linear

program, simplifying computation.

Proposition A.1. The program
pg= sup b(¢)m st G(e)mr=r
has an equivalent dual formulation

pp= inf [O1xk, v st A(P)v < —=b(e),

vERK+1

where A(¢) = [G(¢) — (1nx1 ®71"), —1Lx1] with ® denoting the Kronecker product.

In view of Proposition A.1, we may compute py by solving

pU = sup < inf [O1xk, v st. A(p)v < —b(¢)> . (A.3)
¢ \veRK+L

If ¢ is not feasible, i.e., if there does not exist 7 € AX~! solving (A.2), then the inner linear program

returns no solution. In this case, we set the value of the inner minimization problem to —oo. The

smallest forecast probability py is computed similarly:

veERK+1

pL = i%f( sup [O1xx, —1)]v st. A(p)v < b(q5)> , (A.4)
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where we set the value of the inner linear program to +oo if it has no solution.

A.1.2 Multinomial forecasts

In the multinomial case, we consider a setting in which Oy is defined as in display (A.2) for suitable

G(¢) and the forecast probabilities of each of the outcomes m = 0,1,..., M can be written as

bm(ﬁb)l7r

for each m.

For minimax forecasts, the lower probabilities P, from (35) are computed analogously to py,,
replacing b(¢) in (A.4) with b,,(¢):

- vERK+1

D :igf( sup [O1xx, —1]v s.t. A(¢)v§bm(¢)> ,

form =0,1,..., M, where we set the value of the inner linear program to +oo if it has no solution.
For minimax regret forecasts, the terms Ap,, from (39) can be computed analogously to (A.3). To

do so, first note that for each m’ = 0,1,..., M we can compute

sup (Po(Y =m/) —Py(Y = m))
0€Bg

by replacing the term b(¢) in (A.3) with by, (¢) — by (¢). The value Apy, is then the maximum over

all such m':

Apy, = max sup < inf [O1xx, v st A(P)v < (bn(o) — bm/(gb))> ,

é vERK+1

where we again set the value of the inner linear program to —oo if it has no solution.

A.2 Computing Extreme Probabilities: the Continuous Case
A.2.1 Binary forecasts

We first consider a class of problems where the forecast probabilities and restrictions that define ©
are linear in IT, where II is a probability measure on (X, X') where X’ denotes the Borel o-field on X.
We restrict II to have density with respect to some o-finite dominating measure v (e.g. Lebesgue

measure) and identify each II with its density = with respect to v.'* We consider a setting where

14This nests the previous discrete case by taking X to be the set of L points of discrete support for I and v to be
counting measure.
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forecast probabilities can be written analogously to (A.1) as

/ b(x; ¢)m(x) dv(x),

where b(-;¢) : X — R is a bounded function for each ¢. We first consider a class of problems in

which the set O is defined via a moment restriction similar to (A.2), namely
[ stasormta) dvia) =,

where g(-;¢) : X — R is a vector of moment functions.

The semiparametric panel data model (Example 1) is of this form, where we now relax the
assumption of discrete support for (A, o) and allow the joint distribution II, , to be an arbitrary
distribution on R x {0,1}. The dominating measure v is the product of Lebesgue measure on R

and counting measure on {0, 1}.

Let I denote the set of all densities 7 with respect to v, for which [ g(x; ¢)m(x) dv(z) is finite
and [ m(z)dv(z) = 1. We then have

Oy = {(qb,w) e lly, /g(:v; o)m(x)dv(x) = r} . (A.5)
In this setting, we can write py as

pU = sup (Sup /b(x; o)m(x)dv(x)  s.t. /g(az,qﬁ)ﬂ'(x) dv(z) = 7‘) .
¢ \m€lly

The inner optimization over m has a dual program. Although this dual formulation does not simplify

computation a great deal, it can be approximated by a more tractable, finite-dimensional convex

program. In what follows, let ri(A) denote the relative interior of a set A. The following proposition

collects results from Csiszar and Matis (2012) (for the dual formulation) and Christensen and

Connault (2019) (for the approximation by a finite-dimensional convex program).

e <{/g(x;(;5)7'r(x) dv(z) : 7 € H¢}> ,

Py = Sup /b(m; o)m(x)dv(z) st /g(az;¢)7r(:1;) dv(z)=r

7T€H¢

Proposition A.2. If

then the program
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has an equivalent dual formulation

Pl = inf <u—ess sup (b(x; ¢) + 1 (9(2; 6) — 1)) ) :

piv-ess sup,, (b(w;¢)+/ (9(w;¢) 7)) <+oo @

In addition, if II* has a strictly positive density m € Il and - [ecHg(X;d’)”] is finite for each ¢ > 0,
then

ot = lim | sup —nlog B {efn’l(b(X;¢)+u’(g(X;¢)*7“))} )
P om00 \ 20 ’

where B[] denotes expectation is taken under the distribution I1,.
In view of Proposition A.2, we may compute py using the approximation

PU 2 sup < inf nlogE" [e”1(b(X;¢)+“,(g(X?¢)_T))}> +nd,
B \120,u

which is valid for large §. The lower probability p; can be computed analogously:

pL ~ inf (Sup _plog B [e—n—l(b(x;as)w(g(X;as)—r))}) . (A.6)
B \n>0,u

Similar techniques may also be used when O arises out of robustness concerns; see Example 2.
To that end, we can consider a class of models where forecast probabilities and restrictions defining

Og are linear in II, but where we now restrict II to the class
Iy s = {11 K(II|[Ily) < 6},

where § > 0 and K(II||II,) is the Kullback-Leibler divergence between II and a reference density
II. In the context of Example 2, Iy is a correlated random effects distribution indexed by auxiliary

parameters &, and ¢ = (3,&). The identified set is now

00 = {(¢, ) : T € Ty, /g(w; 6) dII(z) r} . (A7)

With this notion of the identified set, we may apply well known duality methods to compute the

extreme probabilities using the dual representations
Py = sup ( inf nlog EH¢ |:e7771(b(X§¢)+MI(9(X§¢)—T)):| > + 775’
1) n=>0,p

by = mf< sup —nlog B4 [e—n’l(b(X;¢)+u’(g(X;¢)—T))} ) e, (A.8)
¢ \n>0,u
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which are valid whenever E¢ [ecHg(X 3‘15)”} is finite for each ¢ > 0 and each ¢, and

reri ({/g(x;qb) dll(z) : Il € Hqﬁ«i}) ;

see, e.g., Christensen and Connault (2019) for a formal statement. Similar dual representations

apply for neighborhoods constrained by other ¢-divergences.

A.2.2 Multinomial forecasts

Multinomial forecasts can be implemented similarly using the reformulations described above. For

minimax forecasts, if the forecast probabilities are each of the form

[ bt 0)an

for m =0,1,..., M, then each p can be computed as in (A.6) or (A.8), replacing b with b,,. For

minimax regret forecasts, each Ap,, can be computed as

Apy, & maxsup < inf nlogE" @n‘l(bm/(X;aﬁ)bm(X;¢>)+u’(g(X;¢)r))D +nd,
m' g \n20,n

when Oy is of the form (A.5). A similar computation applies when © is of the form (A.7), replacing

T, with IT,.

B Further Results on Robust Binary Forecasts

B.1 Equivalence of Minimax forecasts under Quadratic and Logarithmic Loss

Here we show that the minimax forecast under quadratic loss is also minimax under logarithmic
loss. We first rule out a few pathological cases. Suppose the econometrician chooses d = 0. If
py > 0 then the the maximum risk is +o0o, which is obtained by the maximizing agent choosing
any 6 € Oy with Pg(Y = 1) > 0. Thus, it is only optimal to choose d = 0 when py = 0, in which
case Pg(Y = 1) = 0 for all # € ©g. A parallel argument shows it is only optimal to choose d = 1
when p;r, = 1. More generally, if p;, = py then it is optimal to choose d to be their common value.

Now suppose that py, < py. Problem (4) becomes
inf sup Egll,(Y,d)]= inf sup —plogd—(1—p)log(l—d
il sup [£p(Y, d)] i, (1 —p)log(l—d)

= sup inf —plogd— (1 —p)log(l—d),
pElpL pu] 4€0:1]
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where the first equality is because for any d € [0, 1], the maximum risk is obtained at either py, or
py, and the second equality is by the minimax theorem. The inner minimum is achieved at d = p,

and the outer maximum is achieved by taking p € [pr, py] to be as close to % as possible.

B.2 Equivalence of Robust Binary Forecasts under Classification Loss

We now show that the minimax and minimax regret forecasts are identical under classification
loss. First suppose py, > % In this case, the 6-optimal decision is dpp =1 for all 8 € ©y and so
dpmmr = dpmm = 1. Similarly, when py < 5 L the -optimal decision is d; b0 for all 8 € ©g and so
dpmmr = dpmm = 0. It remains to consider the case in which pr, <1 5 and py > 1 5 both hold. It is
then straightforward to deduce that

db,mmr = ]1[ —pL < pU — 7] H[l <pL +pU} - db mm -

B.3 Non-equivalence of Minimax and Minimax Regret Forecasts when M > 2

Unlike the binary case (M = 1), minimax and minimax regret forecasts are no longer equal for
classification loss when M > 2. To see this, consider an example with M = 3 in which Oy =

{61,05,05} with 6; = (3,3,0,0), 62 = (3,3,0,3), and 63 = (£,2,0,2)’, where we identify each

parameter with its vector of forecast probabilities for the outcomes in the set D = {0, 1,2,3}. The
f-optimal forecasts for classification loss are di, € {0,1} (i.e., both dj c=0and d;, =1 are

f-optimal forecasts under 6,), d*, € {0, 1,3}, and d; g, = 3

6792

For the minimax decision, we have Py = 5, P, = 5, Py, =0, and py=0. Therefore, demm € {0,1}

4

is the minimax decision for classification loss and the minimax risk is R} mm = 5

For the minimax regret decision, note that the regret from choosing m = 0,1,2,3 under 6y is

(0,0, %, 2) Slmllarly, under 03 and 03 the regrets are (0, 0, é,()) and (g, g, ‘51, 0). Therefore, Apy = £,
Ap; = 2 Apg = , and Aps = % The minimax regret forecast is dcmmr = 3 and its maximum
regret is Rc o = %

,2)’, we have that the

1
202 57
demmr = 2.

Similarly, with M = 2 and 61 = (3, 3,0), 62 = (3,3,3), and 05 = (3,
is

minimax forecast is demm € {0, 1} whereas the minimax regret forecast is

C Proofs

C.1 Preliminaries

Our approach to establishing asymptotic efficiency follows Hirano and Porter (2009). First, we

characterize the asymptotic representation of the forecast in the limit experiment. Second, we
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show that these are optimal with respect to average excess maximum risk and regret in the limit
experiment. Finally, we invoke a version of their Lemma 1 which allows us to approximate average
excess maximum risk or regret with finite n by that in the limit experiment. The next two sub-
sections describe preliminary results for steps 1 and 2 of this approach for binary and multinomial

forecasts. The final subsection presents proofs of the main result.

To simplify notation, throughout the proofs we write II,,(P) for the posterior II,,(P|X,,), dII,
in place of dIl,,(P|X,). We adopt the convention that +o0o x 0 = 0. We also require a limiting
counterpart to excess maximum risk and regret criteria. To this end, for any sequence {d,, }n>1 € D,

Py € P, and perturbation direction h € R¥, we define local asymptotic excess maximum risk as
£mm({dn}n21; P07 h) = nh—>nc}o EPnyh [\/EARmm (dna PO + n_l/Qh; Xn>:| .

Local asymptotic excess maximum regret Limr ({dn}n>1; Fo, h) is defined similarly, replacing ex-
cess maximum risk AR, in the above display with excess maximum regret AR, m-. The local
asymptotic excess maximum risk and regret of {d,},>1 € D will only depend on {d,},>1 through
its asymptotic representation d°°. Note the form of d*° may depend on Py, but we suppress this
dependence to simplify notation. We can therefore write

Emm({dn}nzﬁ P, h) = ['?no (doo§ Py, h) )

m

Emmr({dn}nZH POa h) = ‘C??r?mr(dooa P07 h)

for some functionals L%, and L%

' o We say that dS° is optimal for average local asymptotic excess

maximum risk in the limit experiment if it is a flat prior Bayes rule:
[ 5 oy ah =inf [ 35,5 Poh)an,

where the infimum on the right-hand side is taken over all such (possibly randomized) D-valued
forecasts d*°(Z,U) in the limit experiment. Optimality for average local asymptotic excess maxi-
mum regret in the limit experiment is defined similarly. We sometimes simply say optimal in the
limit experiment when the notion of optimality (local asymptotic minimax risk or regret) is obvious

form the context.

C.2 Supplementary Lemmas: Binary Forecasts

For binary forecasts, both AR (d, P) and AR mr(d, P) can be written as linear functions of d.
Therefore, local asymptotic excess maximum risk and regret depend on {d, },>1 € D only through
limy, 00 Ep, ,, [dn(Xn)] which takes the form E;[d>°(Z)] (van der Vaart, 2000, Theorem 15.1) where
[Ej, denotes expectation with respect to Z ~ N(h, I, 1). That is not to say that the asymptotically
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optimal forecast cannot be randomized. Rather, d°°(z) represents the average (with respect to the

randomization) probability that d*°(Z,U) = 1 when Z = z.
To simplify notation, let pyo := py(Po) and pro := pr(Py). There are three cases to consider
for the next lemma: Case 1, ag1pro + a10pvo > ao1; Case 2, apgipro + a1opuo < ao1; and Case 3,

a01PLo + G10PUO = GO1-

Lemma C.1. Let Assumptions 5.1 and parts (a) of Assumption 5.2 hold. Then:

(1) dymm has the asymptotic representation

1 in case 1,
pmm(Z) =1 0 in case 2,
I [E*[fPo[Z* + Z)|Z] > 0| in case 3,

where f(P) = ao1pr(P) + aopy (P);

(1) local asymptotic excess mazimum risk of {dp}n>1 € D is

+oo X (1 = Ex[d>*(2)]) in case 1,
Lo (d™; Py, h) = | 400 x Ep[d®(Z)) in case 2,
(fPo [h])-‘r - Eh[doo(Z)](fPO [h]) in case 3,

where limy, o0 Ep, , [dn(Xn)] = Ep[d>(2)];

(i) dpS,...(Z) is optimal in the limit experiment.

Proof of Lemma C.1. Part (i): As dpmm(X,) is discrete, establishing convergence in distribution
of dp ym(Xn) under {F}, p, , }n>1 is equivalent to characterizing limy, o0 Fin p, ,, (dbmm(Xn) = 1).

For Case 1, by Assumption 5.2.1(a), for any € > 0 there is a neighborhood N of Py upon which
lao1pr(P) + a10pu (P) — apipro — a1opuo| < €. By posterior consistency (Assumption 5.2.2(a)) and
the fact that 0 < py,pr. < 1, we have

P
‘/ (ao1pL(P) + aiopy (P)) dIl,, — ap1pro — aropuvo| < el (P € N) + 2(agp1 + a10)Il,(P ¢ N) = €.

As e was arbitrary, [(ao1pr(P) + aiopy(P))dIl, i ao1pro + aiopvo. Therefore, dym (Xn) &,

As {Fy py}n>1 and {Fy, p, , }n>1 are contiguous by Le Cam’s first lemma and Assumption 5.1, it

Py
follows that dp, ymm (Xn) "1 for any h € R¥. Case 2 follows similarly. For Case 3, we may write

dp,mm (Xn) =1 [/ ao1vVn(pr(P) — pro) + arov/n(py (P) — pro) dil, > 0] .
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By Assumption 5.2.3(a) with A = {(z,y) : a1z + aioy > 0}, we have

lim Fy, p, , (dpmm(Xn) = 1) = Py (E*[ao1pr,p[Z2" + Z] + ar0pv,p [ 2" + Z]|Z] > 0) .

n—oo

Part (ii): The excess maximum risk of d € D is

ARpmm(d, P) = d(ap1 — aoipr(P) — aopy(P)) — (aor — ao1pr(P) — aopu(P)) -,

where a_ = min{a,0}. For Case 1, for all n large enough we have

EPnh[\/ﬁARmm(dn(Xn), Pn,h)} = \/ﬁ X (a01pL(Pn,h) + alOpU(Pn,h) - aOl) X (1 - EPnh[dn(Xn)]) ;

where lim inf,, o0 (a01PL(P,n) + a10pU (Pp,n) — ao1) > 0 and Ep, |, [dn(Xy)] — Ep[d>(Z)]. Case 2

follows by similar arguments. For Case 3, rearranging slightly we have

Ep, , [VNARmm (dn(Xn), Pap)] = vVnlao1pr(Pan) + a10pu (Pap) — Go1pro — a10Pvo) +
—Ep, ,, [dn(Xn)] X vVn(ao1pr(Pup) + a10py(Pon) — ao1pro — a10pvo) ,

where Ep, , [dn(Xn)] — Ep[d>(Z)] and

Vn(aoipr(Pp.n) + a10pu (Pop) — a01pro — a1opvo) — ampr,p, ] + a1opu,p[h]
Vn(anpr(Po,p) + a10pu(Pap) — aoipro — aiopuo)+ — (aoipr,p,[h] + aropu,py [1])+

by Assumption 5.2.1(a).

Part (iii): From part (ii), we see that d*°(Z) = 1 (almost everywhere) is optimal in Case 1 and

d>*(Z) = 0 (almost everywhere) is optimal in Case 2. In Case 3, we have

/ a1 pr,p, (] + a10pu,py (1) + — Enld™(2)] x (a01pr,p[h] + a10pu,p,[h]) dR

// ao1pr.po k] + ao1pu.m B+ — d°(2) x (ao1pr.py[h] + azopu.p[k])) e 2 M T0E=M) 4z dp

Swapping the order of integration and minimizing pointwise in z, we obtain
d>(z) =1 [/ (105, ro 1] + aorpu, o [R]) e "2 =M TG dp > 0

Equivalently, d>*(z) = I[E*[a10pr,p,[Z* + Z] + ao1bu,p[Z* + Z]|Z = z] > 0]. This is the same

asymptotic representation as was derived in Part (i). O
Let a = —29L— There are four cases to consider for the next lemma, namely: Case 1, pro+pyo >

ap1+aio
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2a; Case 2, pro + pro < 2a; Case 3, pro + puo = 2a and pyg > a; and Case 4, pro = pyo = a.

Lemma C.2. Let Assumption 5.1 and 5.2 hold. Then:

(1) dpmmr has the asymptotic representation

1 wn case 1,
0 in case 2,
LE*pr.p 2% + Z] + pu.p [ Z* + Z]|Z] > 0] in case 3,
LE*[(pr.p, [ 2% + Z])- + (Pu,p, [ 2% + Z])+|Z]) > 0] in case 4;

A synmr (2) =

(11) local asymptotic excess mazimum regret of {dp}n>1 € D is

‘Cfr?mr(doo; P, h)
+oo X (1 =Ep[d>®(Z)]) in case 1,
| oo x Ep[d>(2)] in case 2,
(01 + 10) (1. pu 1] + 50,2y [1]) 4 — Brld(2)] (51, 1] + 0, 1) in case 3,

(a01 + a10) ((PL.ry 1)) + (Bu,po 1))+ — Eald=(Z)) (L. k)= + (um[h])4))  in case 4,

where limy, 00 Ep, , [dn(Xn)] = Ex[d>*(2)];

(i1i) dg5,mr(Z) is optimal in the limit experiment.

Proof of Lemma C.2. Part (i): Cases 1 and 2 follow by similar arguments to the Proof of Lemma

C.1(i). For Case 3, let k := pyo — a = a — pro and note x > 0. We have

Fn,Pn,h (db,mmr(Xn) =1)= Fn,Pn,h (f (a —pr(P)),dIl, < f( (
> Fup,, (J (0= pu(P) dIL, < [ (pu(P) — a)dIL,)

)+ )
)
= Fop,, (f (5= (pL(P) = pro)) I, < [ (pu(P) = puo) L, + k) .

)
)
As (r — y)+ — ¢ = max(—y, —x) and hence (r — y); + y — ¢ = max(0,y — x), we can rewrite the

preceding inequality as

Fn,Pnyh (db,mmr(Xn) = 1)
> Fup,, ([ (pL(P) = pro) — k), dlL, < [ (pL(P) + pu(P) — pro — puo) dIl,,) . (A.9)

By continuity of pr(P) at Py (by Assumption 5.2.1(a)) and posterior consistency, we can choose a
neighborhood N, of Py upon which |pr(P) — pr(FPp)| < k. By Assumption 5.2.2(b), there exists
v > % such that nII,, (P ¢ Ny) 0. As 0 < pr, <1, we therefore have the bound

n? / ((pr.(P) = pr(Py)) — &), dIL, < 20711, (P & N,)) 3 0.
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By contiguity, convergence holds under P, j for all h € Rj,. We therefore have that

1
anpn,h (f (\/ﬁ(pL(P) - pL(PO)) — \/ﬁli)erHn < n77§> -1
for all h € R¥. We may therefore rewrite (A.9) as

Fn,Pnyh (db,mmr(Xn) = 1) > Fn,Pnyh <n7_% < f (pL(P) +pU(P) — PLo _pUO) dHn) - 0(1)

> Fu.p,, (¢ < [ (0£(P) + pu(P) = pro — pvo) dIl,) — o(1)
— P (E*[pr.p[Z* + Z] + pU.p,[2* + Z)|Z) > €)

for any € > 0, where the final line is by Assumption 5.2.3(a) with A = {(x,y) : x4y > ¢}. Similarly,

Fo by (dogume(Xn) = 1) < Fup, ,, (=& < [ (p(P) + pu(P) — pro — puo) dil,) + o(1)
— ]Ph (E*[ﬁLJDD [Z* -+ Z] +pU,PO [Z* + Z”Z] > —E)

for every € > 0. The desired convergence now follows by Assumption 5.2.1(b).

Finally, consider Case 4 (pyo = pro = a). We may write

db,mmT(Xn) =1 [0 < /(pL(P) - pLO)— + (pU(P) _pUO)-i—dHn .
It follows by Assumption 5.2.3(b) taking A = {(z,y) : = +y > 0} that

lim Fo p, , (dpmme (Xn) = 1) = Pr (E*[(pL.py [27 + Z]) - + (Du.p[27 + Z])+|2] 2 0) .

n—oo

Part (ii): First note that excess maximum regret of d € D is

ARy (d, P) = d(ao1 — (ao1 + a10)pr(P))+ + (1 — d)((ao1 + a10)pv(P) — ao1)+
— (ao1 — (ao1 + a10)pr(P))+ A ((ao1 + a10)pv (P) — ao1)+ -

For Case 1, note ((ao1 +a10)pv (Pn,n) —ao1)+ = (ao1 +a10)pu (Pn,n) —ao1 > 0 holds for n sufficiently
large because pyo > a in this case. Moreover, in this case ag; — (ag1 +a10)pro < (ao1 +a10)pvo — ao1,
so the term v/n((ao1 + a10)pr (Pn,n) — ao1)+ will dominate the term v/n(ao1 — (ao1 + a10)pr(Pan))+
asymptotically. It follows that for any {d,}n>1 € D,

7L11—>H<;lo EPn,h [\/ﬁARmmr(dn(Xn)y Pn,h)] = nlggo \/ﬁ X (pU(Pn,h) - a) X (1 - EPnyh [dn(Xn)]) )

where py (P,n) — puo > a and Ep, , [dn(Xn)] = Ep[d>°(Z)]. Case 2 follows similarly.
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For Case 3, first note that for n sufficiently large we have

(ao1 — (ao1 + a10)pr(Pon))+ = aor — (ao1 + a10)pn(Pop)

((ao1 + a10)pu (Pan) — ao1)+ = (ao1 + a10)pu (Pu,n) — aor -

Letting v/n(ao1 — (ap1 + a10)pro) = vn((ao1 + a10)pvo — ao1) = /nk where k > 0 and taking n

sufficiently large, we therefore obtain

Ep, ,, [VRARmmr (dn(Xn), Prp)]
=vnxEp,,[dn(Xn)] (£ — (@01 + a10)(pL(Pn,n) — Pro))
+vnx (1 =Ep,,[dn(Xn)]) (5 + (a01 + a10)(pv (Pa,n) — pvo))
—vn X ((k = (ao1 + a10)(PL(Pn,n) — pro)) A (k + (ao1 + a10)(pu (Pa,n) — puo)))
= (ao1 + a10) (EPn,h[dn(Xn)] X —/n(pr(Pop) — pro) + (1 = Ep, , [dn(Xn)]) X vV(pu (Pon) — puo)

— ((=vnpL(Pun) — pro)) A (Vr(pu(Pun) — puo))) ) ,
which converges to
(a0 + a10) (= Eald™(Z)Jpr, (0] + (1 = Eald®(Z))pum B] = (=5 [B]) A (o, 1)) )

by Assumption 5.2.1(a). The stated form now follows because z — ((—y) Az) = (2 + y)+.

Finally, for Case 4 ag1 — (ap1 + a10)pro = (ao1 + a10)pvo — aor = 0. By similar logic to Case 3.,

EPn,h [\/EARmmr (dn(Xn)7 Pn,h)]
= (a01 +a10) X Vit x (Ep, ,[dn(Xa)] (~(pL(Pan) = p10))

+ (1 =Ep, ,[dn(X0)]) (pu(Prpn) — pvo), — (—=(pr(Pan) — pro)), A (pu(Pon) — on)+) :
which converges to
(a0 + a10) (BAld™ (2))(=prmlR)+ + (1 = Bald™(Z)]) (v, m )+ = (~pr.m])+ A o)) )

again by Assumption 5.2.1(a). The result follows from a — (b Aa) = (a —b)+ and —(—a); = a—_.

Part (iii): From part (ii), we see that d*°(Z) = 1 (almost everywhere) is optimal in Case 1 and
d>*(Z) = 0 (almost everywhere) is optimal in Case 2. In Case 3, by similar arguments to the proof

of Lemma C.2(iii) we see that average asymptotic excess maximum regret is minimized with

B (z) =1 U (B po[h] + Doy [R])e 2= ToG=M g > o] |
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whereas a minimizing choice in Case 4 is

P(2) =1 [/((PL,PO [h])— + (pu.py [1])4 e~ 2 G Dol==h) qp > o

C.3 Supplementary Lemmas: Multinomial Forecasts

For multinomial forecasts, the excess maximum risk AR, (d, P) and regret AR, m(d, P) are
linear in the indicator functions I[d = m] for m = 0,..., M. Therefore, local asymptotic excess
maximum risk and regret depend on {d;, },>1 € D through lim,, ;o Ep, ,, [[(dy(X,) = m)] which can
be written E[d9(Z)] for each m (van der Vaart, 2000, Theorem 15.1). The term d9(z) represents
the average (with respect to randomization) probability that d*(Z,U) = m when Z = z.

Deriving the asymptotic representation of demm(Xy) requires a tie-breaking rule, so in the
derivation below we take the smallest element of the set of maximizers. To simplify notation, let
po = gm(Po). It is without loss of generality to reorder the indices so that Poo = P1p = - = Pusor
There are two cases, namely: Case 1, Poo > Piod and Case 2, Poo = Piog = -+ = Pro for some

ke{l,...,M} with p, | > Doy R < M.
Lemma C.3. Let Assumptions 5.1, 5.10.1(a), 5.10.2, and 5.10.3(a) hold. Then:

(1) de,mm has the asymptotic representation

lifm=0and0 ifme{l,...,M} in case 1,
£ ()= H[(E*[Bm,ﬂ) (Z* + Z]|Z] > maxo<m/<m—1 E*[Bm’,Po [Z* + Z]|Z]) and
o (E[p,, 1 12° + 2112) = masmurcmar E*lp,, 5 [2° + 21| 2])
_ifmG{O,...,k:}andOz’fmG{k—l—l,...,M} in case 2,

where the mazimum over an empty index is —o0;

(1) local asymptotic excess mazimum risk of {dp}n>1 € D is

+oo X (1 = Eu[dF(2)]) in case 1,
Loom (@5 Po,h) = | 325 Baldis(Z)](maxo<m <k, p (1] = b, [P])
too x (1 =Sk Epud2(2)]) in case 2,

where limy, o Ep, , [[dn(Xy) = m]] = Ep[d0(Z)];

(iii) (d3Smm(Z))M_ is optimal in the limit experiment.

Proof of Lemma C.3. Part (i): Case 1 follows by similar arguments to the proof of Lemma C.1.

For Case 2, if £k < M we can deduce by continuity of the P, and posterior consistency that
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Fn,P,L,h(dc,mm(Xn) > k) = 0 and F, p, h(m1n0<m<k fp P)dIl,, > max;,~k fp pP)dil,) — 1.
Let ming<;,<k fﬂ P)dIl, > max,,>x fp P)dIl,. For m € {0,1...,k}, under the above tie-

breaking rule we then have
e =] =T | [0, (P)aL, > _mox [, (Par,

I P)dll, > P)dIL,| .
- [/pm( )d n_m+r1n§%§k/pm'( )d n]

As Pog = P1g = -+ = Ppgr WE may rewrite the previous expression as

e (06 = ] =1 | [ Vi, (P) =, )l > o | [ Vi, (P) - p,,) 1L

0<m/<m-—1

<O\ [ Vil (P) = )l > max [ Vi, (P) < g,

m+1<m/<k

Therefore by Assumptions 5.10.1(a) and 5.10.3(a) with A = {(zo,x1,...,20M) : Tm > Tpy if M/ €
{0,...,m—1} and @, > @y if M’ € {m +1,...,k}}, we have

lim Fy p, , (depm(Xn) = m) = Ph((E*@m[z* +2)|z)> max Ep,[2"+ Z]\Z])

n—o0 <m/<m-—1

and (E* b2+ 222 max_ E'lp, 12"+ 7] \Z])) .

Part (ii): The excess maximum risk of d € D is

AR (d, P) = i)]ld m < max_p (P)—pm(P)).

For Case 1, by continuity of p_(-) for all m (under Assumption 5.10.1(a)) we have p _(FPnn) = p,

for all m and maxo<m'<m p, ,(F,n) = - Then for all n sufficiently large,

M
EPn,h[\/ﬁARmm(dn(Xn)v Pl =+vn Z Ep,, [I[dn(Xn) = m]] (BO(Pn,h) - Bm(Pn,h)> )
m=1

where liminfp o0 (p,(Pn,n) — P, (Pn,n)) > 0 for m > 1 and Ep, , [I[dn(Xn) = m]] = Ep[d7; (2)].
Now consider Case 2. Again by continuity, for n sufficiently large we have
0<m/<k

k
B VAR i (dX,). Pas)] = VY By 100 () = ] (s, (o) = 1, (P
=1

M
+vn Z Ep, , [M[dn(Xy) = m]] ( max p ,(Ppp) —pm(Pn,h)> )

0<m’<k =m/
m=k+1
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where the second sum is zero if k = M. If k£ < M, by similar arguments to Case 1 we have

M M
Vi > Ep,, [H[dn(Xn):m]]< max p_,(P,p) — pm(Pn,h)> — 400 x Y Euldy(2)].

0<m/ <k =m'
m=k+1 m=k+1

Moreover, for m < k by Assumption 5.10.1(a) we have

0<m’<k

Vit (1085, 2, Pa) = 2, (Pa) ) = (085 (V0 (Pa) = ) = V5, (Pa) = 1))

— Qm’ Py [h] .

Part (iii): For Case 1, from part (ii), we see that d§° = 1 (almost everywhere) is optimal. For
Case 2, from part (ii), we see that df? = 0 (almost everywhere) is optimal for all m > k. For the

remaining values of m, we have

/ Z E,[d(Z <O<m/<k N (. [h]> dh

/ / 52 08, B ] = By, 1)

Changing the order of integration and minimizing pointwise in z, we see that if M(z) denotes the

(=) To(=h) .z dh.

N

set of maximizers of

/ b gy [Ple 2 TG ap,

then setting dp7(z) = 0 for m & M(z) and dj(z) = 0 for m € M(z) with }°, /.y di;(2) = 1is

optimal. The tie-breaking rule used in part (i) is a special case with d2°(z) = 1if m = min M (2). O

Characterizing de mmr(X,) again requires a tie-breaking rule. In the derivation below we take
the smallest element of the set of minimizers. To simplify notation, let 7,,(P) = Ap,,(P) and
Tmo = Tm(Py) for m = 0,1,..., M. Without loss of generality, reorder the indices so that 199 <
710 < ... < Tpmo. There are two cases, namely: case 1, g9 < 710; and case 2, 790 = T19 = ... = Tko

for some k € {1,..., M} with T4 < 7(41)0 if & < M.

Lemma C.4. Let Assumptions 5.1, 5.10.1(b), 5.10.2, and 5.10.3(b) hold. Then:

(1) demmr has the asymptotic representation

lifm=0and0ifme{l,..., M} in case 1,
P (E*[7m[Z* + Z]|Z] < ming<p/<m—1 E* [T/ [Z* + Z]|Z]) and

(B (0] Z* + 2]|2] < it 1o E* [ [ 2 + 21| 20)
ifme{0,...,k} and 0 ifme{k+1,...,M} in case 2,
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where the minimum over an empty index is +00;

(11) local asymptotic excess mazimum risk of {dp}n>1 € D is

+o00 X (1 = Eu[dF(2)]) in case 1,
Loome (A5 Pos k) = | 308 0 Baldis(2)] (Fim,po[h] — mino<m <k T,y [2])
toox (1 =Sk Epld2(2)) in case 2,

(i1) (deSpmrm(Z NM_ is optimal in the limit experiment.

Proof of Lemma C.4. Follows by similar arguments to the proof of Lemma C.3. O

C.4 Main results

Theorems 5.4 and 5.11 are proved using the following lemma, which is a very slight generalization
of Lemma 1 of Hirano and Porter (2009). We include a proof for completeness. It applies to both

minimax risk and regret criteria, so we drop the subscripts mm and mmr on £, AB, and R.

Lemma C.5. Let L({dn}n>1;Po,h) = L£>(d®; Py, h) hold for every Py € P, h € RF, and
{dn}n>1 € D, where d>® denotes the asymptotic representation of {dy}n>1 € D, and let the prior I
have a strictly positive, continuously differentiable density m on P. Then: (i) for any {d,}n>1 € D,

liniinf AB"(dy; Po, ) > w(Fo) idrg/ﬁoo(doo; Py, h)dh
(1) If, in addition, {d}}n>1 € D and its asymptotic representation dS° solves

/E“’(di"; Py, h)dh = ig/ﬁ“(d“; Py, h)dh,

and d;, satisfies

limsup AB"(d},; Py, m) < /limsupEpnyh [VRAR (dy, Pyp; Xp)| m (P p) dh, (A.10)
n—o0 n—oo
then:
1i_>m AB"(dy; Py, ) = m(P) 1nf/£°o (d*°; Py, h)dh,
and hence

lim AB"(d}; Py,m) = inf liminf AB"(d,; Py, 7).

n—o00 {dn}e]D) n—o00

Remark C.6. By the reverse Fatou lemma, condition (A.10) holds if there exists a non-negative
function g(h) with Ep, , [\/RAR (d, Pup; Xn)] © (Pap) < g(h) for each n and [ g(h)dh < oco.
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Proof of Lemma C.5. Part (i): follows by Fatou’s lemma and definition of AB™(d,,; Po, 7):

lim inf AB™(dy; Py, 7) > / liminf Ep, , [ﬁmz <dn,P0 +n’1/2h;Xn>] ™ (Po +n*1/2h) dh

n—o0

_— / £2°(d; Py, ) di,

where d* denotes the asymptotic representation of {d, }n>1 € D.

Part (ii): By condition (A.10) and optimality of d2° in the limit experiment, we have

limsup AB"(d},; Py, m) < /hmsupEp o [VRAR (5, Pyp; Xp)| 7 (P p) dh

n—oo n—oo

= (D) /EOO : Py, h)dh

:W(Pg)idrg/ﬁoo(doo;Po,h) dh.
Combining with part (i) applied to {d}},>1, we obtain

lim AB"(d;; Po,7) = w(Fp) idrg/ﬁoo(doo;Po,h) dh.

n—oo

The final result is immediate from part (i). O

Proof of Theorem 5.4. Part ( ): First note that as d, is binary, establishing convergence in distribu-
tion under {F, p, , }n>1 is equivalent to characterizing lim, o Fi P, ,, (czn(Xn) =1). Lemma C.1(i)
establishes that dp ., converges in distribution along every sequence {F}, p, , }n>1. Asymptotic
equivalence of d,, and dp,mm implies lim,, o Fmpn,h(czn(Xn) =1) = limy 00 Fop,, (dp,mm (Xn) =1)
for all h € R and all Py € P. Therefore, a?n has the same asymptotic representation as dj ypm, from
Lemma C.1(i). As this asymptotic representation is optimal in the limit experiment (cf. Lemma
C.1(iii)) and d,, satisfies condition (A.10) by assumption, the desired conclusion now follows by
Lemma C.5.

Part (ii): Follows similarly by Lemmas C.2 and C.5. O

Proof of Proposition 5.8. Part (i): By Fatou’s lemma and definition of AB dn; Py, ), we have

bmm(

lim inf ABb mm(dm Py, m) > /lim infEp, , {\/HA’Rmm (Jn, Py + n_1/2h; Xn)} T (Po + n_1/2h> dh

n—oo

= n(Py) /c (d>°; Py, h) dh,

where d*° denotes the asymptotic representation of {dy},>1 € D and 7(Py) > 0. By the proof of
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Theorem 5.4 we also have

f 1l fAB dp; Po,m) = lim ABp,..(dbmm; Po, ™) = (P, Lo (dpms Po, h) dh.
s B A ABG (s Po, ) = Tt ABg (Ao, gmm; Fo, ) = 7( o)/ b 0, h)
Therefore, it suffices to show that

/ﬁ dOO ; Py, h)dh > /E (dponm; Po, h) dh. (A.11)

First, suppose that ao1pr(Fo) + a10pu(FPo) # ap1. This corresponds to Cases 1 and 2 of Lemma
C.1. As asymptotic equivalence fails, we have

lim Fp,p,,. (dn(Xn) =1) # lm Fup,, (dbmn(Xn) = 1)

n—oo

for some Py € P and h, in R¥. We may restate the above display in terms of the asymptotic

representations:

Ep. [d°(2)] # En. (4550 (2)] -

By Hélder’s inequality we may deduce that the functions h — Ep[d°(Z)] and h — Ep[dp5m(Z)]
are both continuous at h,.. Therefore, there exists a set H C R* with positive Lebesgue measure
upon which Ex[d>(Z)] # Ej[d5,,,,,(Z)] for all h € H.

If Py is as in Case 1 of Lemma C.1, then E;[d™(Z)] < 1 for all h € H. This, in turn, implies
that £ (d*; Py, h) = +oc for all h € H. By contrast, £5° Ay Fo, ) = 0 for all h € R*. The

b,mm>
proof when Py satisfies the conditions of Case 2 of Lemma C.1 follows similarly.

Now suppose that ag1pr(Po) + a10pu (Po) # ao1, which corresponds to Case 3 of Lemma C.1.
Let f(P) = aonipr(P) + aiopy(P). By Lemma C.1(ii), to prove inequality (A.11) it suffices to show

[ () [Unleie e dh) s < [ (a5l [Gnlie 00 an) dz.

The function Jgfmm( )= [ [(f po[h])e= 2 oz=h) qp, > O] maximizes

d(2) x /(fPo[ emsteh o) gy

over all [0, 1]-valued functions of z, so the preceding inequality holds weakly. To establish a strict

inequality, note the functions d*°(z) and d®

bmm( z) must disagree on a set of positive Lebesgue

measure, say Z. For each z € Z we must have one of the following:

0) J(Fnlne
(i) J(fmlhe

(z=h)To(2=h) 4 > 0 and d*°(z) < 1;
(z=h)'Io(2=h) 4}, < 0 and d>(z) > 0;

N\H [SIE
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(iil) [(fp[h))e 2EM Tol==h) qp = 0.

However, the condition E*[ao1pr,p, [Z2* + Z] + a10pu,p[Z* + Z]|Z] # 0 a.e. implies that case (iii)
only holds on a set of zero Lebesgue measure. Therefore, for almost every z € Z either case (i) or

(ii) must hold, which establishes the desired inequality.

Part (ii): This follows by Lemma C.2 using similar arguments to Part (i). O

Proof of Theorem 5.11. The proof follows by similar arguments to Theorem 5.4, using Lemmas C.3

and C.5 for part (i) and Lemmas C.4 and C.5 for part (ii). O

C.5 Results on Computation

Proof of Proposition A.1. Dropping dependence of the L-vector b and K x L matrix G on the

low-dimensional parameter ¢, the primal problem is

sup b'r subject to (G—r@1, )n=0, lixzmr—1=0, >0,
TeRL

where the final inequality holds element-wise. The Lagrangian is

sup inf L(m,p,C, k).
rcRL p€RK (€R,keREY

Here p, ¢, and « are the Lagrange multipliers on the three constraints and

L(mp, (k) = Vot p/ (G—r@ 1)+ (Lixem = 1) +w'm
/
= (b (G-retiy) p+ i t+r) m-C.

By duality, we have
sup inf L(m, p,(, k) = inf sup L(m, u,(, k).

™ u:(»“i w6,k

For fixed u, ¢, and k, consider the problem

/
sup £(m, 1, 1) =sup (b (G =r@1hr) p+ U +5) 7.

::b* (M1C7"€)/

This value can be made +o0o by assigning arbitrarily large positive values to any element of 7 for
which b*(u, ¢, k) has a positive entry, and an arbitrarily large negative value to any element of x

for which b*(u, ¢, k) has a negative entry. The minimizing agent would therefore choose

=6 ) == (i + (Gr—7r)n+ ) A 0)16{1,‘..,L} €RY
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so that all entries of m*(u, (, k*) are non-negative:
m*(u7 ¢ "i*) = ((bl + (Gl - T),M + C) v 0)16{17_”7[1} )

and then choose

€= 0 == gy O+ (G =Y

so that every entry of b*(u,(*, k*) is zero. Any ¢ < ¢* will suffice for this purpose, but values of
(¢ strictly less than ¢* will result in a higher value of the minimizing agent’s objective. Combining

the intermediate results, we obtain

sup inf L(m, p, (k) = inf max b + ’G—'r).
wpu,c,n ( Hi G ) H <le{1,..,,L} : M( : )
This min-max problem may be restated as a linear program by introducing an additional

variable ¢t € R for the minimizing agent:

inf b "G — =inf t st. t> (b "G — ,1l=1,...,L
in <zefnﬁﬁ} 1+ 1 (G 7“)) inf ¢ s > (b + @/ (Gr—1))

=inf ¢ st tla 2 (b+ (G~ (la ©1)p)
s

=inf [O1xx,1]v st. Av<-b,
v
where v = [i//,t] € RE*l and A = [G' — (1px1 ®@7'), —1px1]. O

Proof of Proposition A.2. The dual representation follows from Csiszar and Matus (2012). Large-0
behavior is established in Christensen and Connault (2019). O
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