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We provide a unifying foundation for macroprudential policies in financial markets for
economies with nominal rigidities in goods and labor markets. Interventions are ben-
eficial because of an aggregate demand externality. Ex post, the distribution of wealth
across agents affect aggregate demand and the efficiency of equilibrium through Key-
nesian channels. However, ex ante, these effects are not privately internalized in the
financial decisions agents make. We obtain a formula that characterizes the size and di-
rection for optimal financial market interventions. We provide a number of applications
of our general theory, including macroprudential policies guarding against deleveraging
and liquidity traps, capital controls due to fixed exchange rates or liquidity traps and fis-
cal transfers within a currency union. Finally, we show how our results are also relevant
for redistributive or social insurance policies, such as income taxes or unemployment
benefits, allowing one to incorporate the macroeconomic benefits associated with these

policies.

1 Introduction

During the Great Moderation, a soft consensus emerged that macroeconomic stabilization
should be handled first and foremost by monetary policy. This consensus has been shattered
by the Great Recession. In particular, a new set of so-called macroprudential policies aimed
at supplementing monetary policy is gaining traction in policy circles. These policies involve

*This paper was first circulate under the title “On the Inefficiency of Financial Market Equilibria in Macroe-
conomic Models with Nominal Rigidities”. We thank Adrien Auclert, Markus Brunnermeier, John Geanakop-
los, Ben Moll, and Herakles Polemarchakis for useful comments. We thank seminar and conference participants
at the Boston Fed, Boston University, Columbia, Cowles-Yale, Princeton, SED-Seoul, and Turkish Central Bank.
Ben Hebert provided outstanding research assistance.



direct interventions in financial markets, in the form of tax or quantity restrictions. But
economists are still searching for a comprehensive theoretical framework encompassing both
monetary and macroprudential policies in order to formulate a proper intervention doctrine.

One of the dominant existing theoretical justifications for macroprudential policies is “pe-
cuniary externalities”, which arise when a simple friction, market incompleteness, is intro-
duced into the Arrow-Debreu construct. Indeed when asset markets are incomplete and
there is more than one commodity then redistributions of asset holdings induce relative price
changes in each state of the world. These relative price changes, in turn, affect the spanning
properties of the limited existing set of assets. This pecuniary externality is not internalized
by competitive agents and as a result, financial market equilibria are generically constrained
inefficient. A planner can improve the equilibrium outcome by intervening in financial mar-
kets (see e.g. Stiglitz, 1982; Geanakoplos and Polemarchakis, 1985; Geanakoplos et al., 1990).
Similar results are obtained in economies with private information or borrowing constraints
(see e.g. Greenwald and Stiglitz, 1986). A large literature has leveraged these theoretical
insights to justify macroprudential interventions.!

In this paper, we offer an alternative theory for macroprudential policies based on differ-
ent set of frictions. We assume that financial markets are complete but that there are nominal
rigidities in goods and labor markets of the kind often assumed in macroeconomics together
with constraints on monetary policy such as the zero lower bound or a fixed exchange rate.
Using a perturbation argument similar to those used by Geanakoplos and Polemarchakis
(1985), we show that financial market equilibria that are not first best are constrained ineffi-
cient except in knife-edge non-generic cases.

Although we share the focus on constrained inefficiency with the pecuniary externality
literature, as well as the effort to provide a general theory that encompasses many applica-
tions, the source of our results is completely different.” The key friction is their framework is
market incompleteness; we assume complete markets. Their results rely on price movements

inducing pecuniary externalities; in our framework price rigidities negate such effects.> Our

I1See e.g. Caballero and Krishnamurthy (2001); Lorenzoni (2008); Farhi et al. (2009); Bianchi and Mendoza
(2010); Jeanne and Korinek (2010); Bianchi (2011); Korinek (2011); Davilla (2011); Stein (2012); Korinek (2012a,b);
Jeanne and Korinek (2013). Woodford (2011) studies a model with nominal rigidities and pecuniary external-
ities, and characterizes optimal monetary policy and optimal macroprudential policy. Importantly, and in
contrast to our theory, the justification for macroprudential interventions in his model is entirely driven by the
presence of pecuniary externalities.

2By constrained inefficiency we mean, in both cases, that the planner does not necessarily have the tools
necessary to entirely overcome the frictions leading to inefficiencies. For example, in our applications the policy
instruments can be interpreted as taxes or regulation on borrowing or portfolio decisions. It is also important
that monetary policy be constrained and unable to overcome the nominal rigidities. In some applications it is
also important that tax instruments be somewhat constrained, to avoid being able to control all relative prices
and effectively undo the price rigidities.

3Using a disequilibrium approach, Herings and Polemarchakis (2005) show that under some conditions,
it is possible to construct fix-price equilibria that Pareto dominate competitive (flex-price) equilibria when



results are instead driven by Keynesian aggregate demand externalities.

We provide a useful formula for the optimal policy that offers insight into the size and
direction of the best intervention. The formula delivers the implicit taxes needed in financial
markets as a function of primitives and sufficient statistics. In particular, within each state of
the world there is a sub-equilibrium in goods and labor markets affected by nominal rigidi-
ties. One can define wedges that measure the departure of these allocations from the first
best outcome. In simple cases, a positive wedge for a particular good indicates the under-
provision of this good. Our formula shows that wedges and income elasticities play a key
role determining the optimal direction of financial market interventions. In particular, state
contingent payments should be encouraged for agents and states that tend to expand the
consumption of goods that feature a larger wedge. This is because their additional demand
helps to mitigate the prevailing market inefficiency in that state. These macroeconomic sta-
bilization benefits take the form of aggregate demand externalities that are not internalized
by private agents, leading to a market failure and a justification for government intervention
in financial markets using Pigouvian corrective taxes or quantity restrictions.*

We show that our results are also relevant to analyze redistribution. With nominal rigidi-
ties and constraints on monetary policy, redistributing towards agents that tend to expand
the consumption of goods that feature a larger wedge has macroeconomic stabilization ben-
efits. We characterize precisely how this affects optimal redistribution for any given redis-
tributive objective, captured by a set of Pareto weights.

We illustrate our result by drawing on a number of important applications. We provide
four example applications, two novel ones and two that have appeared earlier in our own
work. All these applications can be seen as particular cases of our general model.

Our first application is motivated by Eggertsson and Krugman (2012) and Guerrieri and
Lorenzoni (2011). These authors emphasize that episodes with household deleveraging can
throw the economy into a liquidity trap. In Eggertsson and Krugman’s model, a fraction of
households are indebted and are suddenly required to pay down their debts. The effect of
this deleveraging shock acts similarly to the introduction of forced savings and pushes equi-
librium real interest rates down. If the effect is strong enough then, in a monetary economy,
it triggers hitting the zero lower bound on nominal interest rates, leading to a liquidity trap
with depressed consumption and output.

asset markets are incomplete in the absence of asset market interventions. In some way, our approach is the
polar opposite. It takes price rigidities as a constraint (if prices were flexible, competitive equilibria would be
Pareto efficient) and looks for Pareto improvements through interventions in asset markets when markets are
complete. Another important difference is that we are concerned with nominal rigidities and constraints on
monetary policy, while their approach is real.

4Blanchard and Kiyotaki (1987) isolate a different form of aggregate demand externality. In their framework,
for a given level of nominal money balances, individual firms’ price setting decisions influence aggregate de-
mand through the level of real money balances, an effect which they fail to internalize.



To capture this situation we extend the original Eggertsson and Krugman model to in-
clude earlier periods before the deleveraging shock, where initial borrowing and savings
decisions are made. This captures the credit boom phase, building up debt towards the cri-
sis.Our main result in this context emphasizes ex ante macroprudential policies. The optimal
intervention lowers the build up in debt during the credit boom. Lower debt mitigates, or
potentially avoids altogether, the problem generated by the liquidity trap. Intuitively, indi-
vidual borrowers do not internalize the harm brought about by their borrowing in the ensu-
ing crisis. Debt creates a Keynesian aggregate demand externality. Optimal policy seeks to
correct this externality by either imposing Pigouvian taxes that help agents internalize their
debt decisions, or by imposing quantity restrictions on borrowing. Similar ideas are also
presented in parallel and independent work by Korinek and Simsek (2013).

Our second application also involves the zero lower bound on interest rates, but does so
in an international context that allows us to focus on exchange rate policy and the use of
capital controls on inflows. Imagine a country or region that borrows, knowing that it may
be latter hit by a sudden stop. A sudden stop in this context amounts to a deleveraging shock
at the country level, requiring a dramatic fall in total debt against the rest of the world. In
our model, there are traded and non traded goods, so that we may speak of a real exchange
rate associated with their relative price. The government controls the nominal exchange rate
and may also impose capital controls.

During the credit boom consumption and output rise and the real exchange rate is appre-
ciated; during the sudden stop phase the reverse is true; after the sudden stop, the exchange
rate is expected to recover and appreciate. In other words, during the sudden stop there is a
need for a temporary depreciation. Given that prices are rigid, these movements in the real
exchange rate are best accomplished by movements in the nominal exchange rate. By the
interest rate parity condition with the rest of the world, during the sudden stop the expected
nominal appreciation pushes the domestic nominal interest rate down.

As long as these effects are small, so that the nominal interest rate remains positive, opti-
mal policy involves fluctuations in the nominal exchange rate and no capital controls. Thus,
in dealing with this sudden stop shock, the exchange rate is the first line of response, echoing
the importance of exchange rates adjustments advocated by Friedman (1953).

However, when these effects are large enough, the nominal interest rate is pushed to
zero and monetary policy becomes constrained. We show that in these cases ex ante capital
controls on inflows which mitigate the country’s borrowing are optimal.

Our other two example applications draw on our previous work in Farhi and Werning

(2012a) and Farhi and Werning (2012b).> Both are also set in an open economy context, but

°To avoid overextending ourselves, we stop short of developing and explaining these two applications in
full. We provide stylized versions of the basic models and results that are enough to appreciate the unifying



focus on situations where monetary policy is constrained at the outset by a fixed exchange
rate, the main motivation being for countries that form part of a currency union. The first
of these examples draws on Farhi and Werning (2012a) and Schmitt-Grohe and Uribe (2012)
to capture Mundell’s Trilemma. We find that it is optimal to use capital controls in a context
with fixed exchange rates to regain autonomy of monetary policy. Taxes on inflows are de-
ployed when the economy is booming to cool it down; conversely, taxes on outflows help
mitigate recessions. Our final example application draws on Farhi and Werning (2012b) to
address the design of a fiscal union within a currency union. Our results indicate that trans-
fers across countries must be designed taking into account the impact of these risk sharing
arrangements on the macroeconomy. Private agents will not internalize aggregate demand
externalities. Thus, even with integrated complete financial markets the competitive equi-
librium is not optimal and government intervention is required. This forms the basis for a
case for fiscal unions within a currency union.

The paper is organized as follows. Section 2 introduces the general model and character-
izes competitive equilibria. Section 3 derives the ex-ante constrained efficient Pareto frontier
and the optimal macroprudential interventions. Section 4 derives the ex-post constrained
efficient Pareto frontier and shows how to factor in the macroeconomic stabilization benefits
of redistribution. Section 5 presents our four concrete applications, explains how to exactly
map these applications into the general model and how to apply the results of the general

model. Section 6 concludes.

2 Model Framework

In this section we lay out our general model framework. We seek to strike a balance between
generality and tractability. As we shall see, the framework is abstract enough to capture a
wide set of applications, at least in their simplest versions. Its tractability allows us to obtain

our main results very easily in a way that transparently conveys the mechanisms at work.

2.1 Model Elements

The main elements we want to capture in our model are as a follows. We need an economy
populated by heterogenous agents to generate meaningful financial transactions. In addition

to financial markets, these agents transact in goods and labor markets. Financial markets are

aspects emphasized by the general approach taken in the present paper. However, Farhi and Werning (2012a)
and Farhi and Werning (2012b) address a number of specific issues that arise in these applications using a richer
model.



assumed to be either perfect or suffer from very simple frictions such as borrowing limits.®
In contrast, goods and labor markets suffer from nominal rigidities that create inefficiencies
of a Keynesian nature. Proper monetary policy can help mitigate these inefficiencies, but we
are interested in situations where monetary policy is unable to restore the first best. This
may be because the shocks and rigidities outnumber the monetary policy instruments or
because of outright constraints on monetary policy, such as fixed exchange rates, the zero
lower bound on interest rates, etc.

Our formalism adopts a vector notation similar to that in the general equilibrium tradi-

tion. Agents are indexed by i € I. The preferences of agent i are given by

Y U ({X.}s),

seS

where U are concave functions. The production possibility set is described by a convex
production constraint

F({Yjs}) <0. )

We use two indices to index goods (j,s) with j € Js and s € S. In some of our applications,
s € S will denote a state of the world, and goods j € J; will denote goods and labor in
different periods. In other applications, states s € S will denote periods and goods j € Js
will denote different commodities. We introduce this distinction between j and s for the
following reason. We will assume that the government has the ability to use tax instruments
(or equivalently to impose quantity restrictions) to affect spending decisions along the s € S
dimension but not along the j € J; dimension. In other words, financial transactions allow
agents to trade across s and the government can intervene in these transactions.

We confront agent i with the following budget constraints

Z D; QS g Hil
seS
where foralls € S
Y DXl < —Ti+ (14 71h,)Ds.
j€Js
The first budget constraint encodes how the agent can transfer wealth along the s € S di-
mension, according to state prices Qs;. The second budget constraint then determines the
income available to the agent to spend on goods j € J; for each s. Importantly, we allow for a

tax T}, , on state s to influence these financial decisions, as well as a lump-sum tax T¢. Finally,

®In particular, we avoid incomplete markets or borrowing constraints that depend on prices to avoid intro-
ducing “pecuniary externalities” emphasized by the prior literature. This allows us to to isolate the effects of
aggregate demand externalities



IT' denotes the share of profits for the agent.
For some of our applications, it will be convenient to allow for further restrictions on the
consumption bundles available to the agent for a given s

{Xjs} € B,

for some convex set B.. We take these restrictions to be features of the environment. For
example, in our applications, they allow us to capture borrowing constraints. Of course
we can take B! to be the domain of the utility function, in which case there are no further
restrictions on consumption.

It will be useful to introduce the indirect utility function of agent i for a given s as

VI(I, Ps) = max U'({X};s)

subject to
Y DX <L,
j€ls
{X!,} € BL.
We denote by
Xt = X (I, Py) )

the associated Marshallian demand functions and by

S;c,j,s = X;’k,j,s + Xllc,sxﬁ,j,s
the associated Slutsky matrix.

Our goal is to characterize the implications of price rigidities in goods markets for the
efficiency of private risk sharing decisions in asset markets. Monetary policy may mitigate
these rigidities, but monetary policy may be constrained. We capture both of these features
by introducing a general constraints on the feasible price set

T({Pjs}) <0, (3)

where I is a vector. This formulation allows us to capture very general forms of nominal
rigidities and constraints on monetary policy (the zero lower bound, or a fixed exchange
rate). It also allows us to capture situations where certain prices are given, e.g. the terms
of trade for a small open economy. We refer the reader to Section 5 for concrete applica-
tions where such constraints are explicitly spelled out and mapped exactly into the general



framework.

We postpone the precise description of the market structure that leads to these prices. For
now, we proceed in a way similar to the seminal analysis of Diamond and Mirrlees (1971)
and assume that all production possibilities can be controlled by the government. Their
goal was to characterize arrangements where agents interact in decentralized markets and
the government seeks to achieve some redistributive objective or to raise some revenues.
They were led to a second best problem because they assumed that the government could
only use a restricted set of instruments, linear commodity taxes. They ruled out poll taxes
which would allow the government to achieve its objectives without imposing any distor-
tion, thereby reaching the first best. We are interested in a different set of constraints, namely
nominal rigidities in the prices faced by consumers. We also incorporate restrictions on in-
struments, but of a different kind. In particular, we allow poll taxes, but rule out a complete
set of commodity taxes that would allow the government to get around the nominal rigidi-
ties and reach the first best.

In our applications in Section 5, we propose explicit decentralizations where production
is undertaken by firms who post prices subject to nominal rigidities. More precisely, in all
our applications, we assume that goods are produced under monopolistic competition from
labor. Firms post prices, and accommodate demand at these prices. The prices posted by
tirms cannot be fully adjusted across time periods or states of the world. Sometimes, we will
interpret states s as periods, or different goods j within a state s as the same underlying good
but in different periods. Our formulation of nominal rigidities allows us to capture all these
different cases. Importantly, we assume that the government can influence the prices set by
these firms with appropriate labor taxes.

The government must balance its budget

Z DSgQS S 0/
seS
where foralls € S,

Y (Ti ~ th,Di) + Df = 0.
iel

2.2 Equilibrium

An equilibrium is an allocation for consumption { X]l:,s}, output {Y}, state contingent debt
{Di, D$} as well as prices {Qs} and {P;;} such that agents optimize, prices satisfy the nomi-
nal rigidity restrictions, the government balances its budget and markets clear so that for all
scSandj e [,

Yo=Y X, (4)

icl

8



and

Y I =3 Y QiPisYjs. (5)

icl SES je)s
This implies that bond markets clear so that for alls € S

D§+Y Di=o.

i€l

Proposition 1 (Implementability). An allocation for consumption {XJZS} and output {Yj} to-
gether with prices {P;s} form part of an equilibrium if and only if there are incomes {I} such that
(1), (2), (3) and (4) hold.

3 Optimal Macroprudential Interventions

We now solve the Ramsey problem of choosing the equilibrium that maximizes social wel-
fare, computed as a weighted average of agents utilities with Pareto weights A’. We are led
to the following planning problem which maximizes a weighted average of utility across

agents

maxZZAi\/;(Ié,PS), (6)

i€l seS

subject to the resource constraints that,

F({}_ X}(I, Ps)}) <0,

iel

and the price constraint that
L({Pjs}) <0.

Throughout the paper, we maintain the assumption that the primitives are smooth so that
we can take first order conditions. The first order conditions are that foralli € [ and s € S,

AIVIl,s =K Z F]',Sxij,sf
JEIs

and that foralls € Sand k € J;,

YAV =Y ) ij,sx;;k/jls +v- T,

iel ielje]s

where y is the multiplier on the resource constraint and v is the (vector) multiplier on the



price constraint.

We define the wedges 7; s as

=1-1
. . 1,57
P],s 7*(s),s

for each s € S given some reference good j*(s) € J;. These wedges would be equal to zero
at the first best.
Using these wedges we can rearrange the first order conditions to derive the following

two key equations. For all i and s, we must have

/\ZVII,S _ PLF]'*(S),S (7)
P X X P.. ’
1-Y; St 3 Lis j*(s).8
ST XI J,s
and for all s € S and k € J;, we must have
WE (s, .
v - rk,s = Z Pi (S) s Z P',SFL-]',SS;(,]',S' (8)

icl “j(s)s jeJs

The left hand side of equation (7) defines the right notion of social marginal utility of income
and is to be compared with the private marginal utility of income AiVIi’S. The wedge between
the social and the private marginal utility of income is higher when the spending share of
consumer i in sectors that have a high wedge, and similarly when the income elasticity of
spending consumer i in sectors that have a high wedge is high. Equation (8) characterizes op-
timal prices Ps (subject to the nominal rigidity constraints) and constrains different weighted
averages of the wedge 7;,. If prices P;; were flexible and could depend on the state of the
world, then it would be possible to achieve 7js = 0 forall j € [ and s € S. With nominal
rigidities, this outcome cannot be reached in general.

The next proposition computes the financial taxes that are required to implement the
solution of the social planning problem (6). Financial taxes are required because private
financial decisions are based on the private marginal utility of income instead of the social
marginal utility of income. The wedge between private and social marginal utilities justifies
government intervention. Intuitively, financial decisions reallocate spending along the s € S
dimension. When making financial decisions, agents do not internalize the macroeconomic
stabilization benefits of these spending reallocations. Corrective taxes are required to align
private and social incentives.

10



Proposition 2. The solution to the planning problem (6) can be implemented with taxes given by

1

— ,
PXi LX)

—y._ ., IPs
1 2]6]5 Ii X}s T],S

1+ T}'DIS =

where the wedges T; s must satisfy the weighted average conditions (8).

This proposition shows that constrained Pareto efficient outcomes—solutions of the plan-
ning problem (6) for some set of Pareto weights {A’}—can be implemented with taxes on
state contingent debt. There are of course equivalent implementations with quantity re-
strictions (caps and floors on portfolio holdings) instead of taxes, and we use both in our
applications, depending on the specific context. Our theory is silent on the relative desirabil-
ity of one form of intervention over another. We refer the reader to the classic treatment of
Weitzman (1974) for some insights into this issue.

Note that there is a dimension of indeterminacy in our implementation. Indeed 1 + TE, s
and Qs enter the equilibrium conditions only through (1 + TE’S)QS. Hence we can change
the financial taxes so that 1 4 Tli),s is multiplied by a factor of A and change the state prices
so that Q; is multiplied by a factor of 1/A and still implement the same allocation. However,
the relative financial taxes (1+ 1}, )/ (1+ Tgls) faced by two agents i and i’ are invariant to
such changes. They represent the meaningful economic distortion introduced by policy in
borrowing, lending and risk-sharing decisions among agents. Relative financial taxes must
satisfy

oy i el
P X LXp s

1+ 1, j€ls X e

= —
I+t 4 Y. BisXis 15Xy
. ]G]S Ié' X;:s 1,5

A constrained efficient allocation can be implemented without portfolio taxes only if

M g -/ )
1 PJVSX]!',S I3 Xll,]',s . 1-Y. Pj’S/XJl'rSI I;/XZIJ:S/ T
- Eje]s 17 X7 Tis j€]y I X, I8
B = S Vicl,i'cl,scS,s€S. (9

P Xi_ LXi PyXi, IX

L=Yjes I ’ X"/]/ Ts  1=Yie s e Tis'
s L , ! I X! 4
S 1/ s s/ js!

Proposition 3 below establishes that this only happen in knife-edge cases when the solution
is not first best.

We call a utility perturbation a set of utility functions U"¢ indexed by € > 0 such that
the utility functions U"¢(-;s), their derivatives DU"¢(-;s) and their second second deriva-
tives D2U"(-;s) converge uniformly on compact sets as € goes to 0 to U(+;s), DU'(-;s) and
D?U!(+;s) respectively. Proposition 3 below shows that if a constrained efficient allocation

11



which is not first best—so that there exists s € S and j € J; so that 7;; # 0—can be im-
plemented without portfolio taxes—i.e. such that (9) is satisfied—then we can find a utility
perturbation such that the solution of the perturbed planning problem where U’ is replaced

by U¢ cannot be implemented without portfolio taxes—i.e. (9) is violated.

Proposition 3. Suppose that the solution of the planning problem (6) can be implemented without
portfolio taxes. Suppose in addition that it is not first best. Then we can find a utility perturbation
U"€ such that for € > 0 small enough, the solution of the perturbed planning problem where U' is
replaced by U cannot be implemented without portfolio taxes.

The basic idea of the proof is as follows. We denote the incomes and prices that solve
the non-perturbed planning problem by I and P;s, and we denote with bar variables any
function evaluated at these income and prices. We construct a utility perturbation U"¢
such that at the incomes I! and prices P, the individual demand functions X are un-
changed , the Slutsky matrices 5% are unchanged, the social marginal utility of incomes
Al ‘71156 (1= Yjej, Pj/sf?:z EXie 7

e 7 ;) are unchanged, but the income derivatives of the individual
. s
demand functions X} are changed in such a way that (9) is now violated. Taken together,

these conditions guarantee the incomes I! and prices P still solve the planning problem
with the perturbed utility functions. Indeed, at these incomes and prices, and with the per-
turbed utility functions, the constraints are still verified (because the quantities demanded
are unchanged), and so are the first order conditions for optimality because the Slutsky ma-
trices and the social marginal utilities of income are unchanged. And given that (9) is vio-
lated, the solution cannot be implemented without portfolio taxes.

The requirement that the allocation not be first best is important. For example, suppose
that the function I' is the zero function. Then there are no restrictions on prices. This captures
situations where there is enough flexibility in prices and/or monetary policy that flexible
price allocations can be attained. In this case, constrained efficient allocations are always
tirst best, and can always be implemented with zero portfolio taxes. The logic of the proof
just outlined fails because all the wedges 7;s are zero. As a result, it is impossible to find
changes of the income derivatives of the individual demand functions X7 such that (9) is
violated.

Now suppose that the solution of the planning problem (6) cannot be implemented with-
out portfolio taxes—i.e. (6) is violated. Then by continuity, all utility perturbations U"¢ are
such that for € > 0 small enough, the solution of the perturbed planning problem where
where U' is replaced by U"¢ cannot be implemented without portfolio taxes—i.e. (6) is vi-
olated. Together with Proposition 3, this indicates that constrained efficient allocations that
are not first best cannot generically be implemented without portfolio taxes.

12



4 Optimal Redistribution

Our analysis has focused on influencing financial decisions before the realization of the state
of the world. From this ex-ante perspective, our results show that macroprudential interven-
tions can lead to Pareto improvements in expected utility. The key mechanism at play is that
the distribution of wealth I’ across agents in each state s affects demand and hence economic
activity ex post.

In some cases it may also be interesting to take an ex-post redistribution perspective, after
the realization of the state of the world. We thus ignore any ex ante financial decision stage
and take as our objective realized utility, instead of ex-ante expected utility.

This may be relevant for a number of reasons. First, both economic agents and the so-
cial planner may find themselves surprised in a situation they had not contemplated. As a
result, the distribution of wealth will not be the outcome of a carefully ex ante planning by
agents, but mostly accidental. For example, if housing prices drop unexpectedly, then this
produces a redistribution in wealth with real economic consequences. Macroprudential poli-
cies are useless after the unforeseeable. A related situation arises if markets are incomplete,
so that even if agents can anticipate shocks they lack the state contingent contracts to adapt.
Second, if the social planner lacks commitment then an ex-post perspective more accurately
describes the interventions it will implement. Finally, redistribution is a crucial policy goal
in its own right and at the heart of much research in public finance on optimal taxation and
social insurance. It is of interest to complement these lines of work by incorporating the
macroeconomic effects of such policies.

To proceed focusing on redistribution, we assume for simplicity that the production func-
tion F is separable across states. Thus, we can write the feasibility constraint as the require-
ment that foralls € S

E({Yje}jer) <.

Assume also that the function I is separable across states, so that we can write the price

constraint as the requirement that for all s € S,

rs({P',S}jGJS) <0.

We can then write the ex-post redistribution planning problem in state s

max Y ALVI(L, Py), (10)
iel
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subject to the resource constraints that

RUL X (L P)}) <0,
iel
and the price constraint that
s({Pjs}) < 0.

Here the Pareto weights Al parametrize the social redistributive objective. Note that, in
line with an ex-post redistributional perspective, we need not assume that these weights are
invariant across states of the world.” The first-order conditions for this planning problem
are just as before, given by (7) and (8). This leads us to the following result.

Proposition 4. For given state s, the solution of the ex-post redistribution planning problem (10)
given ex-post Pareto weights AL equalizes the social marginal utility of income across agents, i.e. for
alli € Iandi' € 1,

iyyi 'y
/\SVI,S AS‘/I,S

l'/‘ 7
Ljs .

PXE IEX] DX, X
Xi’ T:I/S
Jos

- . 1:5%],5 Ljs . . )
1 2]6]5 1;‘ X;:s T],s 1 Z]‘E]s —Igl

where the wedges T; s must satisfy the weighted average conditions (8).

In particular, we see that the planner equalizes the social marginal utility of income across
agents rather than the private marginal utility of income A’ VI",S. Redistributing towards
agents that have a high propensity to spend and a high income elasticity of demand for
depressed goods (goods with high 7;s) increases demand for these goods. Taking into ac-
count the associate macroeconomic stabilization benefits requires the planner to depart from
the objective of private marginal utility of income equalization and to adopt an objective of
social marginal of income equalization instead. We present an application of this result in

our deleveraging in a liquidity trap interpretation in Section 5.1.8

7Pareto weights simply ensure that we pick a point on the ex-post Pareto frontier. Different weights pick
different points on the Pareto frontier. There is no reason to assume the choice on this frontier across two states
would correspond to the same Pareto weights. In fact, Pareto weights depend on the cardinality of utility, which
is irrelevant from an ex post perspective (without evaluating expected utility). For example, it is common to
postulate a social welfare function that takes the sum of utility Y ;c; G(Vi(Ii, Ps)) for some increasing function
G. This will correspond to our planning problem with Pareto weights A. that vary with the state of the world
s.

8Monetary policy itself may have redistributive effects. For example, lower interest rates may benefit bor-
rowers, especially home buyers, and hurt savers, such as pensioners. However, with the appropriate redis-
tributive instrument in place, these effects can be undone. Conditions (7) and (8) implicitly characterize the
jointly optimal monetary policy and redistributive policy. It is worth emphasizing, however, that the opti-
mum redistributive policy will depend on the monetary policy choice. An interesting possibility, not explored
here, is to restrict redistributive transfers. In the extreme case, they may be completely absent. In this case,
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5 Applications

In this section, we propose a number of natural applications of the general principle that
we have isolated in Section 3. In all these applications, there are nominal rigidities and
some constraints on macroeconomic stabilization, either because of the zero lower bound or
because of fixed exchange rates. These constraints result in aggregate demand externalities
in financial decisions (borrowing and saving, risk sharing) that must be corrected through
government intervention. We also use our first application in Section 5.1 to illustrate our

results about redistribution derived in Section 4.

5.1 Liquidity Trap and Deleveraging

In this section we show how our insights apply to a liquidity trap model with deleveraging
in the spirit of Eggertsson and Krugman (2012). They studied an economy where indebted
households were unexpectedly required to pay down their debt. This shock amounts to a
form of forced savings that depresses the equilibrium interest rate. If this effect is strong
enough it may push the real interest rate that would be prevail with flexible prices to be
negative. However, when prices are rigid and the nominal interest rate is bounded below
by zero, monetary policy will find itself constrained at this zero bound. A recession ensues,
with output and employment below their flexible price levels.

We extend this analysis by considering the pre-crisis determination of indebtedness and
policies. In other words, we suppose that the shock is not completely unexpected and con-
sider prudential measures to mitigate the crisis. Indeed, we show that optimal policy limits
borrowing ahead of the crisis. Later, we also consider the macroeconomic stabilization ben-

efits of ex-post redistributive policies at the zero lower bound.

Households. There are three periods t € {0,1,2} and two types of agents i € {1,2} with
relative fractions ¢’ in a population of mass 1. For concreteness it is useful to think of type 1
agents as “savers” and type 2 agents as “borrowers”. Periods 1 and 2 are meant to capture
the economy in Eggertsson and Krugman (2012): in period 1 borrowers must delever, low-
ering the debt they carry into the last period 2 below their preferred level. The additional
period 0, is when borrowers contract their initial debt with savers. To keep things simple,

we abstract from uncertainty. A more elaborate version of the model, which would yield

monetary policy faces a tradeoff between its redistributive effect and its more standard substitution effect. In
such a case, the mechanisms and concerns we describe here regarding redistribution become relevant in setting
monetary policy instruments. In particular, monetary policy may be considered more (less) potent if it redis-
tributes wealth towards agents with a higher propensity to consume in markets that are depressed (feature
high wedges).
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the same conclusions, would posit that deleveraging is a shock that occurs only with some
positive probability.

Agents of type 1 work and consume in every period with preferences

2

Vi =) Bu(C) — o(N/))-

t=s

Agents of type 2 consume in every period but do not work with preferences
2
Ve =) pulC).
t=s

They have an endowment E? of goods in period s.
Agents of type 1 can borrow and lend subject to the budget constraints

1

P,C} + B} < W;N} + 11} + ——B}.,, (11)
141

where B} represent the nominal debt holdings and of type-1 agents, I1; are profits, i is the

period-t nominal interest rate, and W is the nominal wage, and we impose B} = 0. Similarly,

the budget constraint of type-2 agents is

1
PC? + B? < E? + thZH, (12)

where we impose B = 0. In period 1, type-2 agents face a borrowing constraint: they can
only pledge a part P,E3 of their period-2 endowment in period 1. The borrowing constraint

imposes the extra requirement that

B3 < P,B,, (13)

where B, < E%. We will be interested in cases where this constraint is binding. This inequal-
ity is meant to capture the deleveraging shock. It is best thought as a financial friction arising
from contracting imperfections in the economic environment. Absent policy interventions,
there is no analogous friction or borrowing constraint for period 0.

Although there is no borrowing constraint in period 0 inherent to the environment, we
consider prudential policy interventions that limit borrowing in the initial period. Thus, we
suppose that the government selects a maximum debt level B; and imposes

B? < P,B. (14)
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This inequality captures regulations that affect the amount of credit extended to borrow-
ers.””!V Finally, to avoid redistribution issues we assume that the government can also, by
way of lump sum taxes, control the initial debt levels of both agents, B} and B.

The households’ first order conditions can be written as

1 Py _ ,B”I(Ctlﬂ)
1 + it Pt u’(Ctl)

/ (15)

1 Py >,3“’(Ct2+1)
Th W)

(16)
where each inequality holds with equality if the borrowing constraint in period ¢ is slack and

Wi _ o' (N)
B~ w(ch)

. (17)

Firms. The final good is produced by competitive firms that combine a continuum of vari-

eties indexed by j € [0, 1] using a constant returns to scale CES technology

1 e1 . . 5%1
Yy = (/O Y, © (])d]> ,

where € > 1 is the elasticity of substitution between varieties.
Each variety is produced monopolistically from labor by a firm with a productivity A; in
period ¢

Yi(j) = AeNe(j)-

Each monopolist hires labor in a competitive market with wage W;, but pays W;(1 + 1)
net of tax on labor. Firms post prices. We assume an extreme form of price rigidity: prices
posted in period 0 remain in effect in all periods. The demand for each variety is given
by C¢(P(j)/P)~¢ where P = ([(P(j))'¢dj)'/(1=%) is the (constant) price index and C; =
Y2 | ¢'Cl is aggregate consumption.

Firms seek to maximize the discounted value of profits

9We could have also imposed a lower bound on debt, but this will not be relevant in the cases that we are
interested in. The borrowing constraint effectively allows us to control the equilibrium level of debt B3.
10 An alternative formulation that leads to the same results is to tax borrowing to affect the interest rate faced
by borrowers.
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where c

N . 1+1 P(j A
Aggregate profits are given by I1; = [II;(j)dj. In a symmetric equilibrium, all monopolists
set the same profit maximizing price P, which is a markup over a weighted average of the

marginal cost across time periods.

P=(1+7)- (18)

And we have P; = P at every date t.

Government. The government sets the tax on labor 17, the borrowing limit By in period
0, and the nominal interest rate i; in every period. In addition, it levies lump sum taxes in
period 0. Lump sum taxes T! and T? can differ for agents of type 1 and agents of type 2. The
budget constraint of the government is

1

Bf = ——
144,

Bf 1+ TLWiN]. (19)
The lump sum taxes T' and T? allow the government to achieve any distributive objective
between the government BS, type-1 agents B} and type-2 agents B2, subject to the adding-up
constraint

BS + ¢'Bj + ¢*B5 = 0.

The lump sum taxes T! and T? do not appear in these budget constraints because we have

chosen to let B3, B} and B2 represent the debt positions net of the impact of lump sum taxes.

Equilibrium. An equilibrium specifies consumption {C:}, labor supply {N}}, debt hold-
ing {Bi, Bf }, prices P and wages { W; }, nominal interest rates {i; }, the borrowing limit By, the
labor taxes 77, such that households and firms maximize, the government’s budget constraint

is satisfied, and markets clear:

2 . .
L $'Ci= 9" AN} +¢7Er. (20)
i=1
These conditions imply that the bond market is cleared, i.e. B 4 ¢'B} 4 ¢?>B? = 0 for all .
A key constraint is that nominal interest rates must be positive i; > 0 at all dates ¢.
The conditions for an equilibrium (11)—(20) act as constraints on the planning problem

we study next. However, in a spirit similar to Lucas and Stokey (1983), we seek to drop
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variables and constraints as follows. Given quantities, equations (15), (17) and (18) can be
used to back out certain prices, wages and taxes. Since these variables do not affect welfare
they can be dispensed with from our planning problem, along with all the equations except

the market clearing condition (20), the borrowing constraint
C3 > E3 - B, (21)
and the requirement that nominal interest rates be positive
W' (CH) = B(1+iu'(Cly)  with i >0. (22)

We summarize these arguments in the following proposition.

Proposition 5 (Implementability). An allocation {C}} and {N}} together with nominal interest
rates {E; } forms part of an equilibrium if and only if equations (20), (21) and (22) hold.

Optimal macroprudential interventions. We now solve the Ramsey problem of choosing
the competitive equilibrium that maximizes social welfare, computed as a weighted average
of agents utilities, with arbitrary Pareto weights A’ . We only study configurations where
it is optimal to put type-2 agents against their borrowing constraint in period 1 (which will
always be the case for high enough values of E3). We also only concern ourselves with
the possibility that the zero lower bound might be binding in periods 1, and ignore that
possibility in period 0 (which will always be the case for low enough values of E3 and Ay).
We are led to the following planning problem

max Z)\i(iné (23)
i
subject to
2 . .

Y ¢'Ci = ¢' AN +¢7EF, (24)

i=1
w'(C) = B(L+i)u'(Gy), (25)
i1 >0, (26)
C3 = E3 - B. (27)

The first-order conditions of this planning problem deliver a number of useful insights.
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First, we can derive a set of equations that characterize the labor wedge
T = 1-—

in every period t. This characterization involves the multiplier v < 0 on the constraint
u'(C}) = B(1+1i1)u'(C}). This multiplier v is zero when the zero bound constraint i; > 0 is
slack, and is negative otherwise. We have

oA letu' (C}) =0,

Al pu’(C]) — v (C}) =0,
oAl B2 (CY) +vB(1 +i)u”(C3) = 0.

Taken together, these equations imply that 7p = 0, 4 > 0 and , < 0 with strict inequalities
if the zero lower bound constraint binds. In other words, as long as the zero lower bound
constraint doesn’t bind, we achieve perfect macroeconomic stabilization. This ceases to be
true when the zero lower bound binds. Then the economy is in a recession in period 1, in a
boom in period 2, and is balanced in period 0. The zero lower bound precludes the reduction
in nominal interest rates i; that would be required to stimulate the economy in period 1 by
causing type-1 agents to reallocate consumption intertemporally, substituting away from
period 2 and towards period 1. The boom in period 2 is designed to stimulate spending by
type-1 agents in period 1 when the economy is depressed through a wealth effect.

We can also derive a condition that shows that the borrowing of type-2 agents in period
0 should be restricted by the imposition of a binding borrowing constraint B < P;B;. In-
deed we have the following characterization of the relative ratios of intertemporal rates of
substitution for agents of type 1 and 2:

1-7m _ pu'(C}) 1 _ (G

1= h — = :
T+ip w(@) T T+ w(C)

Here 71 > 0 with a strict inequality if the zero lower bound constraint binds. In this case,
the borrowing of type-2 agents in period 0 should be restricted by imposing a borrowing
constraint on type-2 agents—or an equivalent tax on borrowing (subsidy on saving) so that
the interest rate faced by type-2 agents is (1 + 7%)(1 + ip) where t¥ = 7/(1 — 71). Doing
so stimulates spending by type-1 agents in period 1, when the economy is in a recession.
Intuitively, restricting borrowing by type-2 agents in period 0 reshuffles date-1 wealth away
from type-1 agents with a low propensity to spend and towards type-2 agents with a high

propensity to spend. The resulting increase in spending at date 1 helps stabilize the economy.
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And these stabilization benefits are not internalized by private agents—hence the need for
government intervention.

We summarize these results in the following proposition.

Proposition 6. Consider the planning problem (23). Then at the optimum, the labor wedges are such
that 19 = 0, ; > 0and v, < 0 with strict inequalities if the zero lower bound constraint binds in
period 1. When it is the case, it is optimal to impose a binding borrowing constraint B2 < Py By on
type-2 agents in period 0. The equivalent implicit tax on borrowing is given by 18 = 1 /(1 — 1y).

Optimal redistribution. We can also consider ex-post redistribution in period 1 as in Sec-
tion 4. The corresponding planning problem which we indexed by the Pareto weights A}

is
Z AL ¢’ max Vi (28)
i

subject to (24), (25), (26) and (27). The first order conditions are identical to those of planning
problem (23). In particular, we get

T (C) —vu(Cr) =0,

A B (Cy) +vB(1+iu” (C7) = 0.

Taken together, these equations imply that 7y > 0 and 7 < 0 with strict inequalities if the
zero lower bound constraint binds. Second we now get the following optimality condition

A (CY)

1
1+ o (C])

= Mu'(C}),

where y; > 0 is the multiplier on the resource constraint (24) in period 1. This condition
states that the planner equalizes the social marginal utility of income of both agents. This
is different than equalizing the private marginal utility of income A’ u/(C}) of both agents.
In particular, when the zero bound binds so that v < 0, we have Alu/(Cl) > A%u/(C?),
which indicates that the planner then seeks to redistribute towards type-2 agents. This is be-
cause type-2 agents are borrowing constrained in period 1 and hence have a higher marginal
propensity to consume in period 1 (100%) than type-1 agents. Redistributing towards type-2
agents then increases demand and stimulates the economy in period 1 when the economy is
depressed.

Proposition 7. . Consider the planning problem (28). Then at the optimum, the labor wedges are

such that Ty > 0 and 1» < 0 with strict inequalities if the zero lower bound constraint binds in
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period 1. When it is the case, it is optimal for the planner to redistribute towards type-2 agents
Mi(Cl) > A (CY),

Mapping to the general model. The planning problems (23) and (28) can be seen as a
particular case of the one studied in Section 3 and 4. The mapping is as follows. There
are two states. The first state corresponds to period 0, and the second state to periods 1
and 2. In the first state, the commodities are the different varieties of the consumption good
and labor in period 0. In the second state, the commodities are the different varieties of the
consumption good and labor in periods 1 and 2. The constraint on prices is that the price of
each variety must be the same in all periods in the numeraire, and that the period-1 price of
a unit of the period-2 numeraire 1/(1 + i;) be lower than one. Propositions 6 and 7 can then
be seen as an applications of Propositions 2 and 4.

5.2 International Liquidity Traps and Sudden Stops

In this section, we consider a small open economy subject to a liquidity trap induced by
a sudden stop. There are three periods. Domestic agents consume both traded and non-
traded goods, and the price of non-traded goods is sticky. The sudden stop is modeled as
a borrowing constraint in the intermediate period. It can push the economy into a liquidity
trap. We show that it is optimal to restrict the amount of domestic borrowing in the initial

period through the imposition of a borrowing constraint or via capital controls.

Households. There is a representative domestic agent with preferences over non-traded

goods, traded goods and labor given by the expected utility

2
Y B'U(CNrtt Crt, Ni).
t=0
Below we make some further assumptions on preferences.

Households are subject to the following budget constraints

_ 1
PnTCNT,t + EtP7Crye + EtBy < WiNy + EtPr Er + 11 — Ty + H—i*EH—lBt—f—lr (29)
t
where we impose B3 = 0. Here Pyt is the price of non-traded goods which as we will
see shortly, does not depend on t due to the assumed price stickiness; E; is the nominal
exchange rate, Pr, is the foreign currency price of the traded good, E;Pr, is the domestic
currency price of traded goods in period t; W; is the nominal wage in period #; Et; is the

endowment of traded goods in period t; I1; represents aggregate profits in period t; T; is a
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lump sum tax (that balances the government budget); B; is short-term debt holdings in the
foreign currency; and i; is the foreign nominal interest rate.

We assume that in period 1, households face a borrowing constraint of the form
By < Pi B (30)

where B, < Ep.
Although there is no borrowing constraint in period 0 inherent to the environment, we
consider prudential policy interventions that limit borrowing in the initial period. Thus, we

suppose that the government selects a maximum debt level B; and imposes
By < P;1B;. (31)

This inequality captures regulations that affect the inflow of capital into the country in the
initial period.!!/1?

The households’ first order conditions can be written as

Pr, 1 >.BUCT,t+1

— > (32)
P%,t I+ UCT,f
with equality if the borrowing constraint in period t is slack,
U, U,
C]:k,f _ CNT,t’ (33)
EfPT,t PN
and W U
P= 2Nt (34)

Pyt Ucyy

Firms. The traded goods are traded competitively in international markets. The domestic
agents have an endowment E; of these traded goods.

Non-traded goods are produced in each country by competitive firms that combine a
continuum of non-traded varieties indexed by j € [0,1] using the constant returns to scale
CES technology

We could have also imposed a lower bound on debt, but this will not be relevant in the cases that we are
interested in. The borrowing constraint effectively allows us to control the equilibrium level of debt B;.

12 An alternative formulation that leads to the same results is to use a tax instrument (capital controls in the
form of a tax on capital inflows / subsidy on capital outflows) to increase the interest rate faced by domestic
agents in period 0.
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with elasticity € > 1.
Each variety is produced by a monopolist using a linear technology:

YnT,i(f) = ANt (j)-

Each monopolist hires labor in a competitive market with wage W;, but pays W;(1 + 1)
net of a tax on labor. Monopolists must set prices once and for all in period 0 and cannot
change them afterwards. The demand for each variety is given by Cnrt+(Pn7(j)/PnT) €
where Py7(j) = ([(Pnr(j))'¢dj)?/ (1-€) is the price of non traded goods. We assume that
each firm j is owned by a household who sets the price Pyr(j) in addition to making its
consumption and labor supply decisions.!® The corresponding price setting conditions are
symmetric across j and given by

e Yi-o ﬁILaITCtTt ALCNT

e—1 .BCt
Zt 0 PTt CNTt

Pyt = (1+11)

(35)

Government. The government sets the tax on labor 17, the borrowing limit By in period
0, and the nominal interest rate i; which determines the exchange rate E; in every period
through the no arbitrage Uncovered Interest Parity (UIP) condition

. E
1+i = (1+i}) gl. (36)
t

In addition, it levies lump sum taxes T} in period ¢ to balance its budget
T: + . WiNy = 0. (37)

Equilibrium. An equilibrium takes as given the price of traded goods Pr; and the for-
eign nominal interest rate {i;}. It specifies consumption of traded and non-traded goods
{Crt, CnTt}, labor supply {N;}, debt holdings {B;}, the price of non-traded goods Py,
wages {W; }, nominal interest rates {i;} and exchange rates { E; }, the borrowing limit By, the
labor taxes 77, such that households and firms maximize, the government’s budget constraint
is satisfied, and markets clear:

Cntt = AtNp (38)

These conditions imply that the market for traded goods clears. A key constraint is that
nominal interest rates must be positive i; > 0 at all dates t.

13The reason for this assumption is a form of market incompleteness due to the presence of borrowing con-
straints.
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The conditions for an equilibrium (29)—(38) act as constraints on the planning problem
we study next. However, exactly as in Section 5.1 we can drop variables and constraints.
Given quantities, equations (32), (34) and (35) can be used to back out certain prices, wages
and taxes. Since these variables do not affect welfare they can be dispensed with from our
planning problem, along with all the equations except the condition that determines agents’
relative consumption of traded and non traded goods (33), the market clearing condition
(38), the country budget constraint for traded goods

1 1

i 1 _
PE: . [Crg—E — Pt [Cyq—E - _P:
0 Cro — Eo] + 71[Cr1 1]+1+i31+iik T2 |

—E <
T+7 Cro—E] <0 (39)

and the borrowing constraint
Cra > Ey — By. (40)

and the requirement that nominal interest rates be positive

E
1+it:(1+i;“)%1 with i > 0. (41)
t

We summarize these arguments in the following proposition.

Proposition 8 (Implementability). An allocation {Cr;, Cnt+} and {N;} together with prices for
non-traded goods { Pxt}, nominal interest rates {i;} and exchange rates {E;} forms part of an equi-
librium if and only if equations (33), (38), (39), (40) and (41) hold.

Homothetic Preferences. Next, we characterize the key condition (33) further by making
some weak assumptions on preferences. We make two assumptions on preferences: (i) pref-
erences over consumption goods are weakly separable from labor; and (ii) preferences over

consumption goods are homothetic. These assumptions imply that

EtP;i ;
PNt

Cnrt = a( )Cr,t,
for some function a that is increasing and differentiable. This conveniently encapsulates the
restriction implied by the first order condition (33).

Define the indirect utility function, which encodes utility in period t when the consump-

. . . . . EP,
tion of traded goods is Ct; and the relative price of traded vs. non-traded goods is p; = 5=

as

Q
V(Cryppe)=U (“(Pt)CT,t/ Cry Ef:)CT,t) ~

The derivatives of the indirect utility function will prove useful for our analysis. To describe
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these derivatives, it is useful to first introduce the labor wedge

1 Uny
=14+ —
: ArUcy, b

The following proposition is borrowed from Farhi and Werning (2012b).

Proposition 9. The derivatives of the value function are

QKp,t
VP(CT,tz pt) = ?CTtuCTtth

o
Ve, (Crp, pr) = Uyt (1 + P_ZTt) )

These observations about the derivatives and their connection to the labor wedge will
be key to our results. A private agent values traded goods according to its marginal utility
Uc, ¢, but the actual marginal value in equilibrium is V, ;. The wedge between the two
equals %Tt = %Tt, the labor wedge weighted by the relative expenditure share of non-
traded goods relative to traded goods. We will sometimes refer to it as the weighted labor
wedge for short.

In particular, a private agent undervalues traded goods V. ; > Uc,; whenever the econ-
omy is experiencing a recession, in the sense of having a positive labor wedge 7 > 0.
Conversely, private agents overvalue traded goods V. ; < Uc,: whenever the economy is
booming, in the sense of having a negative labor wedge 7; < 0. These effects are magnified
when the economy is relatively closed, so that the relative expenditure share of non-traded

goods is large.

Optimal macroprudential interventions. We now solve the Ramsey problem of choosing
the competitive equilibrium that maximizes the utility of domestic agents. We only study
configurations where it is optimal to put domestic agents against their borrowing constraint
in period 1 (which will always be the case for high enough values of E;). We also only
concern ourselves with the possibility that the zero lower bound might be binding in periods
1, and ignore that possibility in period 0 (which will always be the case for low enough values
of Ap).
We have the following planning problem
max; BV (Cry, E;PT ) (42)

subject to
(14i])E; > Eq,
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11 .
T+ig1+1 127%

_ 1 _
Pr[Cro— Eo] + +—=Pr1[Cr1— E1] =
’ 1+ i

Cro = E; — By,

where the second and third constraints are the country budget constraint and the borrowing
constraint. The first constraint is the zero lower bound constraint. It builds on the UIP condi-
tion (14 ij)Ey = (1 +i1)E; and captures the requirement that the domestic nominal interest
rate i1 be positive period 1. It is the key constraint that hampers macroeconomic stability. If
the domestic nominal interest rate i; could be negative, then the exchange rates E; and E;
would become free variables. The zero lower bound constraint puts a lower bound on the
rate of the depreciation E,/E; of the domestic currency, which can conflict with macroeco-
nomic stability.
We have
Vp,O =0,

*

T1
BV, A5 =V
NT

2, Pro ”
B Vpr—=—= = —v(l +1ij),
Pyt

where v > 0 is the multiplier on the zero lower bound constraint (the first constraint). Taken
together, these equations imply that 79 = 0, ; > 0 and ©» < 0 with strict inequalities if
the zero lower bound constraint binds. In other words, as long as the zero lower bound
constraint doesn’t bind, we achieve perfect macroeconomic stabilization. This ceases to be
true when the zero lower bound binds. Then the economy is in a recession in period 1,
in a boom in period 2, and is balanced in period 0. The zero lower bound precludes the
reduction in nominal interest rates i; that would be required to depreciate the value of the
period-1 exchange rate and stimulate the economy in period 1 by causing domestic agents to
reallocate consumption intertemporally from period 2 to period 1, and intratemporally from
traded goods to non-traded goods. A depreciation of the exchange rate in period 2 allows
for a more depreciated exchange rate in period 1, but causes a boom in period 2.

We can also derive a condition that shows that the borrowing of domestic agents in period
0 should be restricted by the imposition of a binding borrowing constraint By < Pf B;.

Indeed we have the following characterization
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or equivalently
o\ PF
B(L+i5) pilcyq (1+ 57
uCT,O (1 + %Tg)

Here 79 = 0 and 7y > 0 with a strict inequality if the zero lower bound constraint binds.

-1,

In this case, the borrowing of domestic agents in period 0 should be restricted by imposing
a borrowing constraint—or an equivalent tax on capital inflows / subsidy on capital out-
flows so that the interest rate faced by domestic agents is (1 + &) (1 4 i) where 7f = %Tl.
Doing so stimulates spending on non-traded goods by domestic agents in period 1, when
the economy is in a recession. These stabilization benefits are not internalized by private
agents—hence the need for government intervention.

We summarize these results in the following proposition.

Proposition 10. Consider the planning problem (42). Then at the optimum, the labor wedges are
such that Ty = 0, Ty > 0 and 1©p < 0 with strict inequalities if the zero lower bound constraint binds
in period 1. When it is the case, it is optimal to impose a binding borrowing By < PT’EJBl constraint
on domestic agents in period 0. The equivalent implicit tax on capital inflows / subsidy on capital
outflows is given by T§ = J171.

Mapping to the general model. The planning problem (42) can be seen as a particular case
of the one studied in Section 3. The mapping is as follows. There are two states. The first
state corresponds to period 0, and the second state to periods 1 and 2. In the first state, the
commodities are the different varieties of the non-traded good, the traded good and labor in
period 0. In the second state, the commodities are the different varieties of the non-traded
good, the traded good and labor in periods 1 and 2. The possibility of trading the traded
good intertemporally at given international prices is modeled as part of the technological
constraint. The constraint on prices is that the price of each variety of non-traded good

must be the same in all periods (in the domestic numeraire), the requirement that price of
1+11 PY*",2
1+i] Py
periods 1 and 2, where the period-1 price of a unit of period-2 domestic numeraire 1/ (1 + iy )

between

the traded good Pr; = E;P7, (in the domestic numeraire) must grow at rate

must be lower than one. Proposition 10 can then be seen as an application of Proposition 2.

5.3 Capital Controls with Fixed Exchange Rates

In Section 5.2, the domestic economy has a flexible exchange rate but faces a zero lower
bound constraint. In this section, we use a similar model to focus on another constraint on
macroeconomic stabilization in environments with nominal rigidities: a fixed exchange rate

E; = E. We consider a two period model of a small open economy that either chooses to
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tix its exchange rate vis a vis that of the foreign economy, or has lost this potential margin
of adjustment because it is part of a currency union. Therefore the domestic economy loses
all monetary autonomy: the domestic nominal interest rate must be equal to the foreign
interest rate i; = i;. We show that this creates a role for capital controls to regain monetary
autonomy. We refer the reader to Farhi and Werning (2012a) for a full-fledged analysis of
capital controls with fixed exchange rates.

Households. There are two periods t € {0,1}. There is a representative domestic agent
with preferences over non-traded goods, traded goods and labor given by the expected util-
ity
1
Z B'U(Cntt, Cri, Np).
t=0
Below we make some further assumptions on preferences.

Households are subject to the following budget constraints

PNTCNT,t + EP&E’tCT,t + EBt—|—1 < W;N; + EP;tET,t +1II; — T; + EB;, (43)

(1+i)(1+1P)
where we impose B, = 0. Here Pyt is the price of non-traded goods which as we will
see shortly, does not depend on t due to the assumed price stickiness; E is the nominal
exchange rate, Py, is the foreign currency price of the traded good, EPr, is the domestic
currency price of traded goods in period t; W; is the nominal wage in period f; E7; is the
endowment of traded goods in period ¢t; I1; represents aggregate profits in period ¢t; T; is a
lump sum tax (that balances the government budget); B; is short-term bond holdings in the
foreign currency; i} is the foreign nominal interest rate and 77 is the capital control tax (a
tax on capital inflows / subsidy on capital outflows) which introduces a wedge between the
domestic nominal interest rate iy = (1+i})(1 + t?) — 1 and the foreign nominal interest rate
if.

The households’ first order conditions can be written as

*
1 Pr,1  BUcpia

. = , (44)
(1+i)(1+1f) Pt Uc,t
U, U,
Cr,t _ CnT,t ) (45)
EP;, Pyt
and W U
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Firms. Firms are modeled exactly as in Section 5.2. The traded goods are traded competi-
tively in international markets. The domestic agents have an endowment E; of these traded
goods. Non-traded goods are produced in each country by competitive firms that combine
a continuum of non-traded varieties indexed by using a constant returns to scale CES tech-
nology with elasticity of substitution €. Each variety is produced from labor by a monopolist
using a linear technology with productivity A;.

Each monopolist hires labor in a competitive market with wage W, but pays Wi(1 + 1)
net of a tax on labor. Monopolists must set prices once and for all in period 0 and cannot
change them afterwards. The associated price setting conditions are symmetric across firms
and given by
c Yo Hi;é W%CNU

Pyt = (1+11) (47)

— 1 t—1 1 .
e-1%,, [Ts=o WCNM

Government. The government sets the tax on labor 77, capital controls TtB , and in addition,
it levies lump sum taxes T; in period t to balance its budget

B

T, + 7W;N; — —L B, = 0. 48
t LVYVtiNt 1+ t ()

s
Equilibrium. An equilibrium takes as given the price of traded goods {P; ,}, the foreign
nominal interest rate {i} } and the exchange rate E. It specifies consumption of traded and
non-traded goods {Cr, Cn1 4}, labor supply {N;}, bond holdings {B;}, the price of non-
traded goods Pyt, wages {W;}, the labor taxes 1;, capital controls {77} such that households

and firms maximize, the government’s budget constraint is satisfied, and markets clear:
Cntt = AtNt. (49)

These conditions imply that the market for traded goods clears.

The conditions for an equilibrium (43)—(49) act as constraints on the planning problem
we study next. However, exactly as in Section 5.1 we can drop variables and constraints.
Given quantities, equations (44), (46) and (47) can be used to back out certain prices, wages
and taxes. Since these variables do not affect welfare they can be dispensed with from our
planning problem, along with all the equations except the condition that determines agents’
relative consumption of traded and non traded goods (45), the market clearing condition
(49), and the country budget constraint for traded goods

) _ 1 )
Pr [Cro — Eo] + Tt [Cr1—E] <0 (50)
+ 15
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We summarize these arguments in the following proposition.

Proposition 11 (Implementability). An allocation {Cr, Cnr+} and {N:} together with prices
for non-traded goods { Pt} and capital controls {tP}, forms part of an equilibrium if and only if
equations (45), (49), (50) hold.

As in Section 5.2, we assume that preferences over consumption goods are weakly sepa-

rable from labor; and that preferences over consumption goods are homothetic.

Optimal macroprudential capital controls. We now solve the Ramsey problem of choosing
the competitive equilibrium that maximizes the utility of domestic agents. We have the

following planning problem

2 ; EP7,
max ) BV (Cry ——=) (51)
t=0 Pyt
subject to
_ 1 _
PTf,O [CT/O — EO] + 1—,*P7*~,1 [CT,I — El] <0.
+ 15
We have

EPr EPr,

Vyo—= + BVy1—= =0,
P2 Pt PV Pt

which can be rewritten using Proposition 9 as
ap0Crolcro T+ pap1Cralc,1 T =0,

where 7; is the labor wedge in period . Taken together, these equations imply that 7o and 7
are of opposite signs, so that if the economy is experiencing a recession in period 0, then it is
experiencing a boom in period 1 and vice versa.
We can also derive a condition that characterizes the optimal capital controls. Indeed, we
have .
BOL+i§) 7 Vera

—1,
Vero

or equivalently
ey Pi
B(L+ig) piUcyq (1+ 87)
LICT,() (1 + %Tg)

implying that capital controls should be given by

=1,

a1
1+ PlTl

14+78=__PF
T 1—}-%’(0
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Suppose for example that the economy is in a boom in period 0 (7p < 0) and a recession
in period 1 (t; > 0). Then the optimal tax on capital inflows / subsidy on capital outflows
is positive ¥ > 0. Doing so reduces spending on non-traded goods by domestic agents in
period 0, when the economy is in a boom, and increases it in period 1, when the economy is
in a recession. These stabilization benefits are not internalized by private agents—hence the
need for government intervention.

We summarize these results in the following proposition.

Proposition 12. Consider the planning problem (51). Then at the optimum, the labor wedges are
such that 1y and Ty are of opposite signs. The optimal tax on capital inflows / subsidy on capital
outflows is given by )
oy
1+ = %.
po 0
Mapping to the general model. The planning problem (51) can be seen as a particular case
of the one studied in Section 3. The mapping is as follows. There are two states. The first
state corresponds to period 0, and the second state to period 1. In the first state, the com-
modities are the different varieties of the non-traded good, the traded good and labor in
period 0. In the second state, the commodities are the different varieties of the non-traded
good, the traded good and labor in period 1. The possibility of trading the traded good in-
tertemporally at given international prices is modeled as part of the technological constraint.
The constraint on prices is that the price of each variety of non-traded good must be the same
in all periods (in the domestic numeraire), and the requirement that price of the traded good
(in the domestic numeraire) be given by Pr; = EPr, in every period. Proposition 12 can

then be seen as an application of Proposition 2.

5.4 Fiscal Unions

In Section 5.3, we showed that in a small open economy with a fixed exchange rate, it may
be desirable to use capital controls to affect private saving and borrowing decisions. In this
section, we consider the related issue of risk-sharing decisions. We consider a model similar
to that in Section 5.3. There are two important differences. First, we consider an economy
with two states of the world but only one period. Second, we assume that private markets for
risk sharing across states are inexistent. We think this difference captures a realistic feature
of the world: that financial markets offer better opportunities for shifting wealth over time
than across states of the world. In this context, governments can improve risk-sharing by
arranging for state-contingent transfers from and towards their foreign counterparts and

passing them through to domestic agents using lump-sum taxes and rebates. Importantly,

32



we show that with a fixed exchange rates, these transfers should go beyond replicating the
complete-markets solution. This leads to a theory of fiscal unions with a special role for
currency unions. We refer the reader to Farhi and Werning (2012b) for a full-fledged analysis.

Households and firms. There are two states s € { H, L} with respective probabilities 7t(s).
Goods are modeled exactly as in Section 5.2. The traded goods are traded competitively in
international markets. The domestic agents have an endowment E; of these traded goods
in each state s. Non-traded goods are produced in each country by competitive firms that
combine a continuum of non-traded varieties indexed by using a constant returns to scale
CES technology with elasticity of substitution €. Each variety is produced from labor by a
monopolist using a linear technology with productivity As. Each monopolist hires labor in
a competitive market with wage W, but pays Ws(1 + 1) net of a tax on labor. Monopolists
must set prices once and for all before the realization of the state s and cannot change them
afterwards. We split the representative agent into a continuum of households j € [0,1].
Household j is assumed to own the firm of variety ;.
Households j maximizes utility

Z U(CNT,SI CT,s, NS)T[S-
se{H,L}

by choosing {Cr s, CnTs, Ns} and the prices set by its own firm P{\,T, taking aggregate prices
and wages {Prs, Py, Ws } and aggregate demand {Cnr} as given, subject to

PnTCNT,s + EP7Cr,s < WsNs + EPf Er s + It + T, (52)

: —&
- ; 141 ; P!
IT = (P{\IT - A—SLWs> CNTs (%) ,

are the profits of the firm producing variety j. The corresponding first-order conditions are

where

symmetric across j and given by
Ucr,s _ Ucyrs

= / 53
EP;,  Pur (53)
_ uN,S — uCNT,S , (54)
W Pyt
and the price setting condition
UCTfS Ws ~

€ ZSE{H,L} Pr. A_SCNT,STCS

Pyt = (1+TL)S—1 L . (55)

uC e
T
ZSE{H,L} Prs CNT,S7TS
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Of course, in equilibrium we impose the consistency condition that Cy7s = Cnrs for all s.

Government. The government budget constraint is

Ts = 1, WsNs + ETSI (56)
with
Y QT <0, (57)

where Qs are the state prices encoding the terms at which the government can transfer

wealth from one state to the other by trading with their foreign counterparts.

Equilibrium. We can now define an equilibrium with incomplete markets. It takes as given
the exchange rate E, the price of traded goods {P7} and the prices {Qs}. An equilibrium
specifies quantities {Cr s, CnTs, N5}, prices of non traded goods { Pyts}, wages {W;}, taxes
{11, T} and international fiscal transfers { Ts } such that households and firms maximize, the

government’s budget constraint is satisfied, and markets clear
CNT,S - Ast- (58)

More formally, the conditions for an equilibrium are given by (53), (54), (52), (55) with
Cs = Cs, (56), (57), and (58).

We can drop variables and constraints as follows. Given quantities, equations (54) and
(55) can be used to back out certain prices, wages and taxes. Since these variables do not
enter the welfare function they can be dispensed with from our planning problem, along
with equations (54), (52), (55), (56), (57) as long as we impose the country budget constraint

Z NSQSP';’SCT,S S Z 7T5Q5P’1>E,SE‘5. (59)
se{H,L} se{H,L}

We summarize these arguments in the following proposition.

Proposition 13 (Implementability). An allocation {Cr s, CN,s, N5} together with prices { EP} , PyT}
form part of an equilibrium with incomplete markets if and only if equations (53), (58) and (59) hold.

As in Section 5.2, we assume that preferences over consumption goods are weakly sepa-

rable from labor, and that preferences over consumption goods are homothetic.

Optimal fiscal transfers. We now solve the Ramsey problem of choosing the competitive
equilibrium that maximizes the utility of domestic agents. We have the following planning

34



problem

max Z sV <CT,S,%> (60)

se{H,L} Pnr

subject to

Z nstP%,SCT,s < Z ﬂstP;,SEs-
s€{H,L} se{H,L}

Using Proposition 9, we can transform the first order conditions as follows. First, we get

a condition

Z ‘Xp,sCT,s uCT,s T =0,
se{H,L}

where 15 is the labor wedge in state s. Taken together, these equations imply that 7y and 17
are of opposite signs, so that if the economy is experiencing a recession in state L, then it is
experiencing a boom in state H and vice versa.

We can also derive a condition that characterizes the optimal international fiscal transfers.

Indeed, we have
QuPr; Veon

7
QuPry VerL

or equivalently
QuP;, Ucrn (1 + %sz)
P*
Qn T,H Uc,,1 (1 + %TL>

=1

International transfers are then simply given by Ty = P7(Crs — Et,). Suppose for example
that the economy is in a boom in state H (17 < 0) and a recession in state L (77, > 0). Then
international fiscal transfers from foreign should be tilted towards state L. Doing so reduces
spending on non-traded goods by domestic agents in state H, when the economy is in a
boom, and increases it in state L, when the economy is in a recession. These stabilization
benefits are not internalized by private agents—hence the need for the government to go
beyond replicating the complete markets solution (if agents had access to complete markets

to share risk with state prices Qs in state s), which would entail

*
QuPr; Uc,n

1.
QuPr y UcyL

Indeed, there exists an alternative implementation where agents have access to complete

markets but states prices 13;,3 are distorted by financial taxes
S

Xs
D - _Ts.

Ps

Ts
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We summarize these results in the following proposition.

Proposition 14. Consider the planning problem (60). Then at the optimum, the labor wedges are
such that Ty and Tp are of opposite signs. The implicit financial taxes associated with optimal inter-
national transfers are given by

Xs
TSD — _Ts.

Ps
Mapping to the general model. The planning problem (60) can be seen as a particular case
of the one studied in Section 3. The mapping is as follows. There are two states. The first
state corresponds to state L, and the second state to state H. In the first state, the commodities
are the different varieties of the non-traded good, the traded good and labor in state L. In the
second state, the commodities are the different varieties of the non-traded good, the traded
good and labor in state H. The possibility of trading the traded good intertemporally at given
international prices is modeled as part of the technological constraint. The constraint on
prices is that the price of each variety of non-traded good must be the same in all periods (in
the domestic numeraire), and the requirement that price of the traded good (in the domestic
numeraire) be given by Pr; = EPr, in every period. Proposition 14 can then be seen as an

application of Proposition 2.

6 Conclusion

We have proposed new theoretical foundations for macroprudential policies. Our theory
introduces two key frictions in the Arrow-Debreu model, nominal rigidities in goods and
labor markets, and constraints on monetary policy such as the zero lower bound or fixed
exchange rates. We have shown that in general, competitive equilibria are constrained in-
efficient. The market failure is imputable to aggregate demand externalities. Government
intervention in financial markets in the form of financial taxes or quantity restrictions can
generate Pareto improvements. We have given simple and interpretable formulas for opti-
mal interventions. We have also provided a number of concrete and relevant applications.
And finally we have shown that these insights are also important to appropriately take into
account the macroeconomic stabilization benefits of redistribution policies.

We view our results as an alternative to the apparatus of the pecuniary externalities lit-
erature, which is the most common theoretical justification for macroprudential policies. Of
course these two theories are not mutually exclusive. In fact, we think that studying their

interactions is a highly promising research avenue which we plan to pursue in future work.
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A Appendix

A.1 Proof of Proposition 2

We use

Z XI]s: s

J€EIs

to get for any A

4

AV = lz (HFjs — AsPis) X i + As

€]s

and in particular for Ay = yp (()) we get

i Ms)s KEis :
ANV = L2 P P | X +1
P, GZ] PO s 7 )

We can re-express this as

. F.. P; XZ IIXI
)\lvll,s _ HEjx(s),s [1 _ Z ]S I]S’l’],s]
J€Js

Pie(s),s X
We use
VIZ-"ks = _XllcsVIls'
Sk]s - XPk]s +st I]s'
Y PysXpy s + Xis =0,
j€Js
Y P X, s =L
J€Is
to get

—V - T :ZZVP]} [XPk]s+st I]s} ’

icl jeJs

U The = VY (e — AsBys) [Xb o+ XEX] ]
icljes

~YAX Y Y A

iel ielje]s
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‘MF'*(S), ‘u is
VT = L5 U Brwspe — Pis ) [Xhis + XhXi]

icl 1i*(s)s jeJ, HFos
Sy e Ly y B i i
iel “j*(s)s i€l jes P+ (s),s
and finally
—v-Tpg = — Il—; ). ZPST],S k]s

iel “j*(s)s jeJs

Summing up, we have

.yl iy
AV = MINOE 1-y El X1js s
/S | 4 4
pj*(S),S jels I; X},S

23
u-rk,S:ZP.] =Y PisTsSh
icl “j*(s)s jeJs

A.2 Proof of Proposition 3

We treat the case without set restrictions Bi. The case where these restrictions are imposed
can be perfectly approximated as a limit of economies where the individual utility func-
tions are LII({X]IS} ;s) are modified to Ul({X]lS} ;s) + ng ({XJZS} ;s) where ng is a sequence
of smooth concave negative functions such that lim;_,c Xg;’ ({XJI oi8) = —ooif {XJZS} ¢ B,
and ng ({X;S} ;8) = 0if {X]ls} € BL. Such a sequence can always be constructed as long as
the set B; is convex, which we always assume.

Consider the solution of the planning problem (6). We denote this solution for incomes
and prices as I! and P; s, and we denote with bar variables any function evaluated at these
income and prices. Suppose that the solution can be implemented with no portfolio taxes.
This happens if and only if for all i € I, i" €land foralls € Sand s’ € S,

p;, Xl I’ X;]s 1 Pj’s,XS 17,X;]5,
Z]E]s 1 Xz/ T]r - Zjejsl Ti/ Xz T]/S/
S
Py X! 17X1 B P aXt, 115(1'.,_

]b ]s Ljs = . ) ]s s/ 1,j,s .
ZJGIS X}/s s 1 E]E]/ I X;s’ Tis/

We introduce a perturbation of utility functions U"(-;s). We construct this perturbation

such that the following properties are verified. First, the demand functions at the original
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incomes I} and prices P;; are unchanged, i.e. foralli € I, j € Jand s € S,
Xfljs(l_é’ ps) = X]l,s(I_;/ Ps) - X]Z:,S.

Second, the Slutsky matrices at the original incomes I and prices P; ; are unchanged, i.e. for
alliel,je Jands €S,

Sie (IL,Py) = St

k/]'/s _5 ) = S_;{

,j,s( > st
1,€

B Ljs
and prices P, are changed in such a way that for some i € I, i’ € I and forall s € S and

s es,

Third the income derivatives X"¢ (I, P;) of the demand functions at the original incomes I

_ — )
p. X\ e il i e

T Ay )
Pjthls,e Ié Xz}e

— V. S Ljs =, R js' sl s sl =
V=Yjer =77 Gs Y= Xje, — x, U
S X]‘,s # S/ j,S/
p; X [LXE b XE T XiF
1-— Z _Pj’SXj/S I;XI,]-,S T; 1 Pj/S/Xj,s’ Isl/XI,jrs/ =.
j€ls T X]is Js - Zje Jy T T X%, Tj st
, by

Fourth, the marginal utilities of income at the original incomes I’ and prices Pj; change in

such a way the social marginal utilities of income are unchanged, i.e. foralli € I,and s € S,

iy7i€ i7i
A Is . A VI,S
p. %€ Tigie - p. Xi [iXi
1oy, Dot Bise v DX BXijs 2
j€ls T X,lj Js j€ls T X]’.,S Js

Taken together, these conditions guarantee the incomes I! and prices P; still solve the plan-
ning problem with the perturbed utility functions. Indeed, at these incomes and prices, and
with the perturbed utility functions, the constraints are still verified (because the quantities
demanded are unchanged), and so are the first order conditions for optimality because the
Slutsky matrices and the social marginal utilities of income are unchanged.'*>1¢ And given

4Because of the homogeneity of degree 0 in I: and Ps of V! and X]l ,» there might be an issue of indeterminacy
leading to the solution of the planning problem not being locally unique. If that is the case, we expand the
function I' to include a normalization of certain prices to rule out this indeterminacy without changing the
allocations that solve the planning problem. o

15Note that we can rewrite the planning problem as maximizing Y ;c; Yscs AU ({Xi};s) subject to the re-
source constraints that F({Y;c; Xj}) < 0, the price const}’aint' that I'({Pjs}) S 0, aﬁd the first order conditions
of the agents that foralli € I,s € S,j € Jsand ] € J;, U]’-({X;.’S};s)/P]-,S = U]’.,({X]l-ls};s)/Pj//s. We we assume,
as is generically the case, that the second order conditions of this planning problem are strictly satisfied on the
manifold of allocations that satisfy the constraints. o o

16Qur perturbations u“({Xj}is) = ag'({Xj };s) + 5(X5) QEX; — e(Xg)' Qs X¢, which add linear and
quadratic terms scaled by e to the utility functions U’(-;s), are such that for e small enough, the incomes I
and prices P;, are a global maximum of the non-perturbed planning problem, but may only be a local maxi-

mum of the perturbed planning problem. We can always modify the perturbations so they are also a global
maximum of the perturbed planning problem by adding exp, (;s) to U"“(+;s) for well chosen convex bounded
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that (9) is violated, the solution cannot be implemented without portfolio taxes.

Since the original allocation is not first best by assumption, there exists a state s € Sand a
good j € Js such that 7js # 0. Our proposed perturbation actually only changes utility for a
single agent i € I this state state s. All the other utility functions are unchanged. We proceed
by first determining income effects that change the optimal portfolio taxes. Assume that

ijs Xé,js + GZ]Z s’

for some vector Z]l: s such that

Y. PisZi T # 0.

J€Js
Because they are income effects, and we want to retain the unperturbed prices, we must also

have

Y. b7,

J€Js
This is possible as long as there are at least two goods, and that there exists j € J; such
that 7;; # 0 (recall that by construction Tix(s),s = 0). To engineer such income effects while
preserving the Slutsky matrix, we follow Geanakoplos and Polemarchakis (1980). We start
with the problem of the agent:

V(L {Pys}) = H}l{aﬁule({ is1i9),

js

subject to

Y PsXi < I
J€Is
The first order condition, in vector notation, is
DU — w!'Ps =0,

where w/ is the multiplier on the budget constraint. By the envelope theorem,

neighborhoods O! of X! and some large enough value of 1, where X is a sequence of smooth concave negative
functions such that: if {X]l,s} € Ol, then xoi ({ ]’5}; s) = 0;if { ],s} ¢ Ol then lim, e xp ({ ],S}' s) = —o0

uniformly on compact subsets of the complement (Oé)c of the closure O} of O; and for all K > 0, there exists a
compact set 04X 5 Of such that for all , if {X]ls} ¢ O then XD ({X]ls},s) + 1(xI)'Qixi — (XI)/QiXi < —K.
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and by non-satiation,

Y, P Xl = L.

j€s
Holding income constant, totally differentiating, and evaluating the derivatives at incomes
I! and prices P;
2 B ’/ % 'I V. ./ D (7 -/ JE—
DU DXy — VyedPs — Ps @ DVye =0,
and
(X¥€)dPs + P.DX€ = 0.
In block matrix form, these equations can be written as

DXi€
Dv;s

D20 —P,
~Pl 0

1,6
VI’S I

(Xire)/ dps.
S

Geanakoplos and Polemarchakis (1980) show that the concavity of the utility function is
sufficient to establish the invertibility of

P 0

D% —Ps]

We construct the perturbation starting with the inverse matrix

. _ -1
K¢ —o¢|  |[p20iF —PS] D)
—(v) €€ —P! 0 ’
which implies that
DXu€ K¢ —of| | V€I
vale e e XI“SG’ dPp;. (62)
I's (09)" e | |(X59)
We choose
Ke = (V)18
and
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e __ vle
¢ = Xl,s'

so that the first equation of (62) is simply the Slutsky equation. We conclude that, in order
to create the desired income effects while preserving the Slutsky matrix, it is necessary and

sufficient to ensure that

(Vo) 'SiDUL + Xl =1,

and

—(XY5)' DUl — P, = 0.

These two equations are sufficient for the perturbation to generate the desired income effects
while preserving the Slutsky matrix. Because the equations hold for the unperturbed utility

function and corresponding income effects, we can write

S(ViE)"'D*Uie — (Vi) T'DUl) + eZi (P, = 0, (63)

and

Z} (DU — D) = (e — e) . (64)

Now, we construct a utility function that preserves the demand at the incomes I and

prices P;; while satisfying these equations (63) and (64) (so that the Slutsky matrix is un-

changed and the desired income effects are produced), and preserving the social marginal
utility of income. Define

¢

2

where ()} is a matrix and «;, is a scalar. First, note that

U ({Xj};s) = all' ({Xj o }s) + 5 (X0 QLX{ — e(X0)'QLXG,
DU =« DU = w"*P; = alw!P..

Therefore, at the incomes I and prices P; s, the demand is unchanged. Applying the envelope

theorem,

i€ _ _iY7i
VI,S - “SVI,S'

To preserve the social marginal utility of income, we set
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pj,s X;:g I_Sl Xll/j,s =
1—-% Ti oie  Lj,s
j€ls T e 'l

js
1= ¥, e iy
j€ls T ij,s 7,5

[
g =

Note that

DU = o' D?UL + Q).
Plugging this into (63), we must choose an (), such that

(Vi) 18100 + 2,7 — 0.
Because the Slutsky matrix is a square symmetric matrix, we can write

Sy = ZiDy(%),
where X has orthogonal rows and D! is diagonal. Suppose that, for some vector &,
05 = TGP
Then
S300 = (D5 (X5) Thes Py = TUDG P

We can solve for & to satisfy the necessary equation,

¢t = V(D) () 'z,
where (D!)* denotes the pseudo-inverse of D. This is possible because the non-zero eigen-

vectors of the Slutsky matrix form a basis for all vectors orthogonal to P;, and by assumption

Z! . lies in this space. Finally, we can choose some ¢€ scalar to satisfy (64).
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